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Abstract. Given a geometric graph G = (S, E) in R? with constant
dilation ¢, and a positive constant £, we show how to construct a (1+ ¢)-
spanner of G with O(|S|) edges using O(sort(|E|)) I/O operations.

1 Introduction

Complete graphs represent ideal communication networks but they are expensive
to build; sparse spanners represent low cost alternatives. The number of edges
of the spanner network is a measure of its sparseness; other sparseness measures
include the weight, the maximum degree, and the number of Steiner points.
Spanners for complete Euclidean graphs as well as for arbitrary weighted graphs
find applications in robotics, network topology design, distributed systems, de-
sign of parallel machines, and many other areas, and have been subject to con-
siderable research [2, 6,12, 16, 25]. Recently spanners found interesting practical
applications in areas such as metric space searching [29, 30] and broadcasting in
communication networks [3, 26].

Consider a set S of n points in the Euclidean space R?. Throughout this
paper, we will assume that d is constant. A network on S can be modeled as
an undirected graph G with vertex set S and with edges e = (u,v) of weight
wt(e). We will study Euclidean networks, which are geometric networks where
the weight of the edge e = (u, v) is equal to the Euclidean distance |uv| between
its two endpoints u and v. If G is a geometric graph, then dg(p,q) denotes the
Euclidean length of a shortest path in G between p and q. Hence, G is a t-spanner
for S if 0¢(p,q) < t|pq| for any two points p and g of S. The minimum value ¢
such that G is a t-spanner for S is called the dilation of G. A subgraph G’ of G
is a t’-spanner of G, if d¢(p,q) <t - da(p,q) for any two points p and ¢ of S.

Many algorithms are known that compute t-spanners with O(]S|) edges that
have additional properties such as bounded degree, small spanner diameter (i.e.,
any two points are connected by a t-spanner path consisting of only a small
number of edges), low weight (i.e., the total length of all edges is proportional
to the weight of a minimum spanning tree of S), and fault-tolerance; see, e.g.,
[2,6-8,12,15-17,21,24, 25,31, 34], and the surveys [18,32]. All these algorithms
compute t-spanners for any given constant ¢ > 1. Chen et al. [13] showed that
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the lower bound for computing any ¢-spanner for a given set S of points in R?
is £2(|S]log|S|) in the algebraic computation tree model.

For the analysis in this paper we use the standard two-level I/O model [1]
which defines the following parameters:

N = # of objects in the problem instance,
M = # of objects fitting in internal memory,
B = # of objects per disk block,

where N > M and 1 < B < M/2. An input/output operation (or simply
I/0) consists of reading a block of contiguous elements from disk into internal
memory or writing a block from internal memory to disk. Computations can
only be performed on objects in internal memory. This model of computation
captures the characteristics of working with massive data sets that are too large
to fit into main memory and thus are stored on disk. Examples of massive graphs
include the “web graph”, telecommunication networks, or social networks [9, 19].

In the two-level I/O model, we measure the efficiency of an algorithm by the
number of I/Os it performs, the amount of disk space it uses (in units of disk
blocks), and the internal memory computation time. Aggarwal and Vitter [1]
developed matching upper and lower I/O bounds for a variety of fundamen-
tal problems such as sorting and permuting. For example, they showed that
sorting N items in external memory requires O(% log,, /B &) 1/0Os while scan-
ning N items in external memory obviously can be done in @(%) I/Os. The
upper bounds for sorting and for scanning N items are often abbreviated as
O(sort(N)) = (’)(%bgM/B &) and as O(scan(N)) = O(%), and we will use
these notations throughout this paper.

I/O-efficient algorithms have been developed for several problem domains, in-
cluding computational geometry, graph theory, and string processing. The prac-
tical merits of the developed algorithms have been explored by a number of
authors. General recent surveys can be found in [4,35], and there are also more
specific surveys that consider I/O-efficient graph algorithms [23, 33]. Results re-
lated to I/O-efficiently constructing (planar) spanners for point sets, sometimes
allowing Steiner points and/or respecting polygonal obstacles in the plane, have
been obtained by several authors [20, 27, 28].

In this paper we consider the problem of I/O-efficiently pruning a given t-
spanner, even if it has a super-linear number of edges. That is, given a geometric
graph G = (S, E) in R? with constant dilation ¢, and a positive constant ¢, we
consider the problem of constructing a (1 + €)-spanner of G with O(|S|) edges.*

In the internal memory model two algorithms are known to prune a given
t-spanner in time O(|E|log |S|). The greedy algorithm of [16,21] can be used to
compute a (1 + ¢)-spanner G’ of G. However, efficient implementations of the
greedy algorithm are very complex. In [21], the edge set is partitioned into a
logarithmic number of sets that are processed in phases. In each phase a cluster
cover and a cluster graph is computed by running Dijkstra’s algorithm in parallel
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from all the cluster centers. A simpler approach was presented in [22], using the
well-separated pair decomposition, that produces a (1+ ¢)-spanner G’ of G with
O(]S|) edges. The 1/0-efficient algorithm presented in this paper is inspired by
the latter algorithm. More specifically, given a geometric graph G = (S, E) in R?
with constant dilation ¢, and a positive constant e, we show how to I/O-efficiently
construct a (14 ¢)-spanner of G with only O(]S|) edges using O(sort(| E|)) I/Os.
This bound matches the (internal memory) complexity of the algorithm in [22].

While building a sparse spanner is asymptotically faster than pruning a dense
spanner, the latter technique allows to specifically designate edges that should
participate and edges that are not allowed in the sparse spanner to be con-
structed.

2 Preliminaries

Our algorithm is similar to the internal memory algorithm by Gudmundsson et
al. [22] in that it uses the well-separated pair decomposition to decide which
edges that can be pruned. We briefly review their algorithm in this section.

In [22] it was shown that a simple way of pruning an existing t-spanner G
into a (1 4 ¢)-spanner of G with only O(]S|) edges is to use the well-separated
pair decomposition (WSPD). For completeness we include a description of the
WSPD.

Definition 1. Let s > 0 be a real number, and let A and B be two finite sets of
points in R%. We say that A and B are well-separated with respect to s if there
are two disjoint balls Cy and Cp, having the same radius, such that C'4 contains
A and, Cg contains B, and the distance between Cy4 and Cg is at least s times
the radius of Ca. We refer to s as the separation ratio.

Definition 2 ([11]). Let S be a set of points in R?, and let s > 0 be a real
number. A well-separated pair decomposition (WSPD) for S with respect to s is
a sequence {A;, B;},1 < i <'m, of pairs of non-empty subsets of S, such that

1. ANnB;=0 foralli=1,...,m,

2. for each unordered pair {p,q} of distinct points of S, there is exactly one
pair {A;, B;} in the sequence, such that (i) p € A; and q € B;, or (ii) q € A;
and p € B;,

3. A; and B; are well-separated with respect to s for alli=1,...,m.

The integer m is called the size of the WSPD. Callahan and Kosaraju show
that a WSPD of size m = O(|S|) can be computed in O(|S|log|S]) time. Their
algorithm uses a binary tree 7', called the split tree. We briefly describe the main
idea. They start by computing the bounding box of S, which is successively split
by d-dimensional hyperplanes, each of which is orthogonal to one of the axes.
If a box is split, they take care that each of the two resulting boxes contains at
least one point of S. As soon as a box contains exactly one point, the process
stops (for this box). The resulting binary tree T stores the points of S at its



leaves; one leaf per point. Also, each node u of T' is associated with a subset of
S. We denote this subset by S,,; it is the set of all points of S that are stored in
the subtree of w.

The split tree T' can be computed in O(]S|log|S|) time. Callahan and Kosa-
raju show that, given T', a WSPD of size m = O(|S]) can be computed in O(|S|)
time. Each pair {A;, B;} in this WSPD is represented by two nodes u; and v; of
T, ie., we have A; = 9, and B; = 5,,.

Even though Zle(|Ai| + |B;]) can be quadratic in |S|, it was shown by
Callahan [10] that Zle min(|4;|, |B;|) = O(|S]log|S]).

Theorem 1. [11] Let S be a set of points in R, and let s > 0 be a real num-
ber. A WSPD for S with respect to s having size O(s%|S|) can be computed in
O(|S|1og |S| + s|S|) time.

Now, assume that we are given a t-spanner G = (S, E'). Compute a WSPD
{4;,B;}, 1 < i < m, for S, with separation ratio s = 4(1 4+ (1 + ¢)t)/e and
m = O(|S]). Let G’ = (S, E’) be the graph that contains for each i, exactly one
(arbitrary) edge (x;,y;) of E with z; € A; and y; € B;, provided such an edge
exists. It holds that G’ is a (1 + ¢)-spanner of G [22], and hence:

Fact 1 (Theorem 3.1 in [22]) Given a real constant ¢ > 0 and a t-spanner
G = (S, E), for some real constant t > 1, one can compute a (1 + ¢)-spanner G’
of G with O(|S]) edges in time O(|E|log |S]).

WSPD in external memory Govindarajan et al. [20] showed how to compute
a split tree and the well-separated pair decomposition I/O-efficiently.

Fact 2 (Theorem 1 in [20]) Given a set P of N points in R% and a separation
constant s > 0, a well-separated pair decomposition for P can be computed in
O(sort(N)) I/Os using O(N/B) blocks of external memory.

In the process they build a split tree T" of P. The idea is to construct T’
recursively. They construct a partial split tree 7" whose leaves have size O(N%)
for some constant 1 — 6%1 < «a < 1. Then recursively build the split tree for
the leaves, proceeding with an optimal internal memory algorithm for every leaf
whose size is at most M. When the split tree has been computed they simu-
late the internal memory algorithm by Callahan and Kosaraju [11] in external

memory by applying time-forward processing on the computation trees.

3 Tree-Labeling Techniques

In this section, we present three lemmas that demonstrate that a tree can be
labeled I/O-efficiently in a hierarchical manner. We will use such a labeling in
the pruning algorithm to efficiently compute all nodes assigned to a pair {A4;, B;}
in the well-separate pair decomposition.



Lemma 1. Given a tree T with N nodes, we can label all O(N) leaves in left-
to-right order in O(sort(N)) I/Os.

Proof. We first compute an Euler-Tour for T using the algorithm of Chiang et
al. [14] and, based upon this tour, we compute a labeling of the nodes according
to the BFS-levels of T. The overall process takes O(sort(XN)) I/Os. Then, we
again traverse T according to the Euler-Tour and, observing that leaves corre-
spond to local minima of the BFS-level labeling, we can identify and label them
during this traversal. The correctness of the left-to-right labeling follows from
the fact that each node in the tree is visited in pre-order and thus, each node is
visited before its right sibling. As the cost for the traversals is dominated by the
cost for computing the Euler-Tour, the overall complexity of labeling the leaves
is O(sort(N)) I/Os. O

Lemma 2. Given a tree T with N nodes whose leaves are labeled in left-to-right
order, we can label each internal node v with an interval [L,, 7], 1y, 7, € N, such
that the following holds:

1. Each leaf in the subtree rooted at v is labeled with some integer £(v) € [l,,7y].

2. There exists at least one leaf in the subtree rooted at v that is labeled with an
integer £(v) € [ly,T0].

3. The interval [l,,r,] is the minimal interval having this property.

The 1/0O-cost for computing this labeling is in O(sort(N)).

Proof. We prove Lemma 2 by giving an algorithm with an I/O-complexity
O(sort(N)) and showing that it computes a labeling with the desired properties.

The approach of this algorithm is to label the tree bottom-up and to assign
to each internal node the minimal interval encompassing the intervals assigned
to its children. For the “base case” of our algorithm we transform the label £(v)
assigned to a leaf v into an interval [¢(v), ¢(v)]. This labeling obviously conforms
with requirements of Lemma 2.

To propagate these levels upwards, we first sort the nodes of the tree ac-
cording to their BFS-level in decreasing order and also label each node with its
BFS-level, its BFS-number, and the BFS-number of its parent. Computing the
BFS-level, the BFS-number, and the parents’ BFS-number for each node can be
done using Euler-Tour techniques in O(sort(N)) I/Os. Starting with ¢ set to the
maximum BFS-level. We then repeatedly extract all nodes on BFS-level i and
i — 1 from the sorted array. We sort all nodes on BFS-level i according to the
BFS-number of their parent and sort all nodes on BFS-level ¢ — 1 according to
their BFS-number. We then simultaneously scan both arrays and update each
node v on BFS-level 4 — 1 with the minimum interval encompassing the intervals
assigned to the nodes on BFS-level i having v as their parent (i.e. v’s children).

Inductively, we see that the correctness of the labeling follows from the cor-
rectness of the labeling on leaf level. The overall complexity is O(sort(N)) I/Os
as the algorithm performs a constant number of Euler-Tour computations and
as each node participates in a constant number of sorting steps. a



Observation 1 The bounds and properties derived in Lemma 1 and Lemma 2
also hold if each leaf v is labeled with an interval [l,,r,] such that all these
intervals are disjoint and the interval endpoints [, are assigned to the leaves in
increasing order from left to right.

Note that the labeling proposed in Observation 1 can be applied to a split
tree T built for the vertices of a geometric graph G = (S, E). In this setting,
the vertices in S are labeled according to the left-to-right order in which they
appear in the leaves of T. The process described in Lemma 1 together with
Observation 1 then implies a relabeling of the graph’s vertices, i.e., each vertex
s € S is labeled with a unique integer in £(s) € [1...]S|]. The following lemma
shows that this labeling can be mapped to the edges in an I/O-efficient way.

Lemma 3. Given a unique relabeling of the vertices of a geometric graph G =
(S, E), we can relabel the edges in E such that each edge e = (v,w) € E is labeled
(L(v), L(w)) where L(v),L(w) € [1...]S]] are the unique labels assigned to v and
w. Given the set E of edges and a tree storing the labeled vertices in its leaves,
we can relabel all edges in O(sort(|E|)) 1/0s.

Proof. To relabel the edge, we first extract the labeled vertices from the tree
using Euler-Tour techniques in O(sort(|S])) I/0s and sort them according to
their original label. We then sort all edges according to the (original) label of
their respective source vertices, and in a synchronized scan over both sorted lists,
we can relabel the source vertices of all edges. Finally, we repeat this process
for the list of edges sorted according to the (original) labels of their respective
target vertices and obtain a relabeling of the target vertices. The above algorithm
clearly runs in O(sort(|S| + |E|)) = O(sort(| E|)) time. O

4 An Algorithm For Pruning Dense Spanners

We are now ready to describe our algorithm for I/O-efficiently pruning a dense
t-spanner G = (S, E) such that the resulting graph is a (1 4 £)-spanner of G
with O(|S]) edges.

Our algorithm first computes a well-separated pair decomposition {4;, B;}
with separation ratio s = 4(14(14-¢)t) /e, using the algorithm of Govindarajan et
al. [20] and spending an overall number of O(sort(]S|)) I/Os. The well-separated
pair decomposition is represented by a split tree having O(|S]) leaves which is
laid out on disk in O(]S|/B) disk blocks.

We then use the technique presented in the proof of Lemma 1 to label all
vertices stored in the leaves from left to right and to label each leaf v with the
minimal interval containing the labels of the points stored with v, that is we
assign to each vertex v of the graph an unique integer ¢(v) € [1...|S]]. Finally,
we perform a labeling of the internal nodes that fulfills the requirements of
Lemma 2. By Lemma 1 and Lemma 2 the complexity computing this labeling is
O(sort(|S]))-



Lemma 4. The above labeling of the nodes in the split tree has the property that
each component C' of a well-separated pair {A;, B;} corresponds to an interval
[1(C),r(C)],C € {A;, B;}, and that the points whose labels fall into [I(C),r(C)]
are exactly the members of the component C'.

Proof. Fix a component C of a given well-separated pair {4;, B;}. By definition
of the split tree, there exist nodes wa, and wp, corresponding to the compo-
nents of this well-separated pair. Let v € {w4,,wp, } be one of these nodes, and
let [l,,7,] be the interval assigned to v by the algorithm given in the proof of
Lemma 2. This algorithm guarantees that there exists at least one point that
is stored in the subtree rooted at v whose label falls into [l,,7,], and that all
other points stored in this subtree are also labeled with an integer £ € [l,, ry].
By the definition of the split tree, the points stored in the subtree rooted at
v are exactly the points in the component of {A;, B;} corresponding to v. For
the reverse inclusion assume that there exists a point p that is not stored in the
subtree rooted at v and whose label ¢(p) also falls into [l,,7,]. As the points
are labeled according to the left-to-right order of the leaves (see Observation 1),
this means that the labels of points in the subtree rooted at v are either all
less than or greater than ¢(p). Assume that they are all less than £(p). Let £iax
be the maximum label of all elements in the subtree rooted at v. Then the la-
bels of all elements in the subtree rooted at v are contained in [l,, lpmax]. As
lmax < £(p) < 1y, we derive a contradiction to the minimality of [I,,7,] (see
Lemma 2). This completes the proof. a

The algorithm of Gudmundsson et al. [22] prunes a dense spanner by only
keeping one edge connecting the two components of each well-separated pair
{4;, B;} considered. Based upon Lemma 4, we can restate this pruning processes
as a special case of the range-reporting problem. We first identify each edge
e = (v,w) in the original spanner with a point p, := (¢(v),4(w)) € [1...]S]|]?
(see Lemma 3). Using this terminology, we can derive the following corollary to
Lemma 4:

Corollary 1. Let T be a split tree for G = (S, E) whose nodes have been labeled
with intervals according to Lemma 2 and let a and b two nodes of T that cor-
respond to a well-separated pair {A;, B;}. An edge e = (v,w) € E connects two
vertices v € Aj and w € B; if and only if £(v) € [lg,74] and L(w) € [lp, ).

Let the set £ be defined as £ := {({(v),{(w)) € [1...]S]]* | (v,w) € E}.
The above corollary allows us to perform the pruning algorithm for each well-
separated pair {4;, B;} corresponding to two nodes a and b in the split tree by
performing an orthogonal range reporting query with query range [lo, 74] X [lp, 7]
on the set £ while reporting exactly one point. Except for the edge corresponding
to the point reported, all edges connecting points in A; and B; can be pruned, and
this implies that the pruned spanner consists exactly of all edges corresponding
to the results of all range queries.

What remains to show is that all range reporting queries can be performed
I/O-efficiently. First of all, note that constructing the set £ from the set F of



edges can be done in O(sort(]E|)) I/Os using the algorithm described in the proof
of Lemma 3. In a similar way, we can construct the query ranges [lo, r4] X [lp, 7]
for all pairs {A;, B;} in the well-separated pair decomposition: We extract the
labels of all nodes in the split tree and use two successive sort-merge steps to
generate the set Q of O(]S|) query ranges in O(sort(|S])) I/Os. The next lemma
shows that we can I/O-efficiently process all |Q| range queries while reporting
at most a constant number of answers per query.

Lemma 5. Given a set Q of orthogonal range queries on a set £ of points in
the plane where |Q| € O(|€|), we can process all queries in O(sort(|€])) I/O0s
while at the same time reporting no more than two answers per query.

Proof. We will process all queries in a batched manner using a variant of the
algorithm proposed by Arge et al. [5]. Their algorithm can answer a set of N
queries on a set of O(N) points in O(sort(N) + K/B) I/Os where K is the
size of the answer set. Their algorithm utilizes a technique called distribution
sweeping that combines multi-way divide-and-conquer with a plane-sweeping
approach. Roughly speaking, the plane is subdivided into ©(1/M/B) vertical
strips each containing approximately the same number of points. Each strip is
then swept top-to-bottom, and for each query range spanning a strip, all points
inside the range are reported. The algorithm is then applied recursively to (parts
of) query ranges falling within one of the strips. As, on each level, each query
range appears at most three times (at most one “middle” part spanning one
or more strips and at most two “excess” parts falling within a strip) there are
O(19]) = O(J€]) query ranges (or parts thereof) on each level, and it can be
shown that processing one level can be done in O(|€|/B) 1/0s. As the recursion
tree is of height O(log,,, 5 |€]/B) and is processed top-down, the overall algo-
rithm takes O(sort(€)) I/0s not counting the I/Os needed to report the answer
set.

Unfortunately, we cannot bound the size of the (complete) answer set in our
problem setting by a better bound than O(|Q|-|€|), and thus we need to modify
the algorithm of Arge et al. as follows: we first use one top-down-sweep to process
the query ranges on the current level of recursion with respect to their “middle”
parts and as soon as we find a point p contained in the current query range q,
we label ¢ with the name of p, output the answer (g, p), and stop processing q.
In a second top-down sweep we distribute the “excess” parts of the query ranges
that have not been labeled with an answer to the corresponding sub-problems,
that is we stop processing ranges for which we already have found an answer. As
each query range appears in at most two subproblems on each level where it can
span a slab, there are at most two answers that can be reported before a query
range is not processed anymore, and this in turn results in an answer set of size
O(|€]). The I/O-complexity of processing one level of recursion is not affected
by this modification, hence the overall algorithm runs in O(sort(|E|)) I/0s. O

As mentioned above, we run the algorithm described in the proof of Lemma 5
on a point set of size O(|E|) and a query set of size O(|S]), and thus we obtain
an answer set of size O(|S]) spending no more than O(sort(|E|)) I/Os. A simple



duplicate-removal step taking O(sort(|S])) I/Os then reduces the output to at
most one answer per query. The O(|S]) edges corresponding to the points in
the answer set then form the desired pruned spanner [22]. This yields our main
result:

Theorem 2. Given a geometric graph G = (S, E) in R? which is a t-spanner
for S for some constant t > 1 and given a constant € > 0, we can compute
a (1 + ¢€)-spanner G' = (S, E’) of G with E' C E and |E’| € O(|S|) spending
O(sort(|E|)) 1/0s.

The obvious open problem is whether the complexity of 1/O-efficiently prun-
ing dense spanners can be improved to O(scan(|E|) + sort(|S])) I/Os.
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