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Abstract

A box-tree is a bounding-volume hierarchy that usesaxis-aligned
boxesasbounding volumes. We describe a new algorithm to construct
abox-tree for objectsin a 3D scene,and we analyzeits worst-casequery
time for approximate range queries. If the input scenehascertain char-
acteristics that we derived from our application|collision detection in
industrial installations|then the query times are polylogarithmic, not
only for searding with boxesbut also for range searding with other
constart-complexity ranges.

Keyw ords: bounding-volume hierarchy, box-tree, window query, orthogo-
nal range query, slicing number

1 Intro duction

Motiv ation. Collision cheding is an important operation in all applica-
tions where objects move around in a 3D scene|virtual reality, computer
animation, and robotics are obvious examples. A popular way of doing col-
lision cheding is the following two-phaseapproach. In the rst phase,the
‘Ttering phase one nds all primitiv e objects in the scenewhosebounding
box intersectsthe query object (or its bounding box). In the secondphase,
the re nement phase onetests for ead of these primitiv es(if any) whether
it actually intersectsthe object. To speedup the Ttering phase,the setS of

“The work by H.H. is supported by the Netherlands' Organization for Sciertic Re-
seardh (NW O). The work by J.G. is supported by the Swedish Foundation for International
Cooperation in Researd and Higher Education.



bounding boxes of the primitiv esin the sceneis often stored in a bounding-
volume hierarchy. This is a binary tree whoseleaves store the boxesin S,
and where ead internal node ° storesthe bounding box b(°) of all boxes
stored in the subtreerooted at °©. We call such a tree a box-tree; sometimes
it is more precisely called an axis-aligned-bounding-tox tree, or AABB-tr ee
for short. A query with a query range Q is performed by traversingthe tree
in a top-down manner, only visiting nodes® suc that b(°) intersects Q.
This way we end up exactly in the leavesstoring boxesthat intersect Q.

The query time in a box-tree is determined by the number of nodes
visited, and the goalis therefore to organizethe tree in such a way that this
number is kept as small as possible. Agarwal et al. [1] recertly showed that
a box-tree exists that has O(n?= + k) query time for rangesthat are axis-
parallel boxes,wheren is the total number of boxesin S and k is the number
of boxes intersecting the query range. This bound is rather disappointing:
if the query time would really be that bad, box-trees would not be usedso
much in practice. Unfortunately, the bound is optimal. Agarwal et al. prove
that there are setsof input boxesfor which the worst-casequery time of any
box-tree is -( N> + k).1 This is the starting point for our work: we want
to understand what makes box-trees perform well in practical applications
even though in theory they may perform badly.

The application we have in mind comesfrom the MOLOG project [9].
The goal of this project is to add motion support to CAD systemsusedto
designlarge industrial installations, such as depicted in Fig. 1.

Adding motion support will help the designer of an industrial instal-
lation to decide whether it will be possibleto move certain parts out of
the installation, for maintenance or replacemen. The approacd taken in
the MOLOG project is basedon the probabilistic path planner [2, 8, 12],
a technique for motion planning that has proved very successfulin many
applications. A basic test performed many times by the probabilistic path
planner is collision cheding: given a query object|the object for which we
are planning a motion, at a certain position and orientation|do esit collide
with the CAD model? We can now state the goal of this paper as follows:
we want to designa provably excient box-tree for storing scenesthat are
CAD models of large industrial installations.

Further background. The lower bounds of Agarwal et al. mertioned
earlier imply that, to be able to designprovably excient box-trees for CAD

In general, the worst-casequery time of a box-tree in d-dimensional spaceis £( ni =4+
k). In this paper we focus on 3-dimensional box-trees, becausethis is most natural in our
application.



Figure 1: CAD model of a carbon black unit. Designedby OLAJTERV
Processand Energy, Hungary.

modelsof large industrial installations, we have to make useof the properties
of the bounding boxes of the primitiv esin such CAD models. The realistic
input models [4] suggestedin the literature do not seemapplicable in our
setting: the industrial installation of Fig. 1, for instance, contains many long
and thin pipesthat are relatively closetogether. But if we forget about the
pipes,the sceneseemsto be well-behaved. Hence,the assumption we make
is that the boxesin S can be partitioned into two subsets, one containing
only long and thin (almost) disjoint pipes, and one forming a low-density
scene[4]. Here a pipe is de ned to be an axis-aligned box whose shortest
dimensionis at most a constart  times shorter than its middle dimension|
see Section 2.3 for formal de nitions of these concepts. It is important
to note that our algorithm to construct the box-tree does not need this
assumption; we only useit in the analysis.

Unfortunately, with the assumption just stated one still cannot prove
good bounds: the -( n?= + k) lower bound for range queries with a box
even holdsif the input consistsof disjoint unit squaresarrangedin a grid-lik e
fashion. Therefore we analyze approximate range queries. More precisely
instead of the parameterk in the time bound, we usek:, which is the number
of boxesintersecting the extendedrange Q:. For agiven2 > 0, the extended
range Q: is the setof points lying at L, -distanceat most 2w from Q, where
w is the length of the longestedgeof Q. The expectation is that in practice
k= will not be much larger than k for moderately small 2, at least when the
query range is rather fat. Note that in our application, the query rangeis



(the bounding box of) an object for which we are planning a motion. If the
object is a forklift truck or someother car-like device, its bounding box is
likely to be fat. The conceptof approximate range seardiing was also used
by Aryaand Mount [3], who consideredapproximate rangequerieson a set of
points. The parameter 2 is not usedby our query algorithm|the algorithm
still visits only nodes whose bounding boxes are intersected by Q|but it
is only usedin the analysis. (So perhaps approximate range searding is a
slight misnomer.)

Our results. We describe a new, simple algorithm to construct a box-tree
on a set of boxesin 3D. This algorithm generalizesthe 2D kd-interval tree
described by Agarwal et al. [1] to 3D, with one additional crucial twist: We
partition the input boxesinto three subsets,accordingto the orientation of
their longestedge,and construct separatebox-trees for these subsets;these
subtreesare then combined to form the nal tree. Our main cortribution
is a rather involved analysis of the worst-casequery time of this box-tree in
the setting described above, showing it is polylogarithmic. More precisely
we prove that the number of visited nodesis O((1=2+ _ ) log*n + k=), where
., isaconstart depending on the sceneparameters. Typically, , will only be
large if the input contains many °at “plates' that are very closetogether|
seesection 2.2 for details. Note that the choice of 2 determinesa trade-o®
betweenthe terms in the bound: choosing 2 small will causea large factor
in the rst term, but k. will be closeto k. On the other hand, choosing 2
big keepsthe rst term down, but k- might grow to O(n). In ead situation,
the best bound on the query time will be the lowest bound over all possible
valuesof 2; in other words: O(ming< . 1f (1=2)(1=2+ , ) log* n + k:Q).

This result should be comparedwith the results for approximate range
searding in a setof points in 3-space.Here, the bestresult that usesboxesas
bounding volumesis by Dickersonet al. [5], who shaw that the query time in
a so-calledlongest-side-Tst kd-tree is O(ming< . 1f (1=22) log® n + k.g). Our
result is more generalthan this, aswe store boxesinstead of points and the
bounds we get are only slightly worse.

We alsointroduce a variant of the box-tree, where an interior node uses
a di®eren type of bounding volume: instead of a bounding box, it can use
a donut-lik e shape, namely the di®erenceof two boxes. This was inspired
by Arya and Mount [3], who show that a similar structure for points|
they call it BBD-tree|outp erforms kd-trees in the worst case: the time
for approximate range queriesin 3D in a BBD-tree is O(ming<z. 1flogn +
(1=2)2 + k.g). (The sameresult can be obtained using BAR-trees [6, 7].
BAR-trees use convex, but not necessarilyaxis-parallel, bounding volumes



whose facets have a bounded number of di®erert orientations.) We prove
that a similar improvemert is possiblein our case:our BBD-interval tree has
a worst-casequery time of O(ming< . 1flog®n+ (,=2)log?n + (1=2) logn +
kzQ).

Finally, we extend our results to constart-complexity query ranges
of arbitrary shape, showing that the time for approximate queries with
such rangesis O(Mino< . 1f(,=22) log*n + k.g) in a LSF-interval tree and
O((log®n + |, log?n)=22 + k.) in a BBD-interval tree. Similar extensions
were given for the case of point data by Dickerson et al. [5] and by
Arya and Mount [3], who achieved query times of O((log®n)=2% + k.) and
O(logn + 1=28 + k.), respectively. Note that the dependencyon 2 in our
boundsis better by a factor of O(1=2); only for corvex rangesthey are able
to prove the dependencywe get for generalranges. Our proof technique also
appliesto their structures, which implies an improvemert of their query time
by a factor of O(1=2) for non-corvex ranges.

2 The LSF-in terv al tree

In this section we rst describe how to construct a kd-interval tree with
longest-side- rst splitting, or LSF-interval tree for short, for a set of boxes
in 3-space. After that we analyseits performance for approximate range
queries.

2.1 The construction

Our 3-dimensionalLSF-interval tree is a generalisationof the 2-dimensional
kd-interval tree with longest-side-rst splitting as described by Agar-
wal et al. [1]. In fact, the 2-dimensional substructuresin our 3-dimensional
structure are basically their 2-dimensionalstructures.

Our construction algorithm takes as input a set of 3-dimensional axis-
parallel boxes and their joint bounding box. The algorithm then works
top-down, recursively constructing subtrees on subsetsof the input. In a
genericstep of the construction, we have asinput a set S of 3-dimensional
axis-parallel boxes and a de ning region R. The construction is started
with the full input set as input and the bounding box of the entire scene
as de ning region. In the recursive steps, the de ning regionscan be axis-
parallel boxes, rectangles, line segmets, or points. Each input box b2 S
will intersect R; more precisely the de ning regionswill always be sucd that
if a®R) denotesthe atne hull of R, then b\ a®R) %2 R. If the de ning



region R is d-dimensional, for somed 2 f0; 1; 2; 3g, then we call the subtree
storing S a d-LSF-interval tree, and we call its root a d-node.

We will now describe an algorithm to construct a d-LSF-interval tree for
a set S of input boxesand a de ning region R. The algorithm producesa
tree whosenodes have degreeat most nine; corversionto a binary tree can
easily be done and doesnot a®ectthe asymptotic bounds.

We proceedas follows:

1. We create a root node °, storing the bounding box b(°) of the boxes
in S.

2. For eadh of the six directions +x, | X, +Vy, i Yy, +z, and | z wetakethe
box in S extending farthest in that direction. Each of theseat most six
boxes s stored in a separateleaf, called a priority leaf, immediately
below the root node °. Let S denote the set of remaining boxes.
Assume SPis non-empty; otherwise we are done.

3. If d = 0, we recursively build a 0-LSF-interval tree for S° using the
point R as de ning region, and we make the root of this tree a child
of . (In fact, for d = 0, building a cs-priority-box-tree [1] could
make a better choice, but in our analysis the better performance of
a cs-priority-box-tree would be overshadaved by other terms. In the
analysis preseried in this paper, we only needthe priority leaves,and
the division of boxesamongthe children doesnot matter.)

Otherwise, if d > 0, let e be a longestedgeof R, wheree= R if R is
aline segmen. Let h be a plane orthogonal to e. De ne hi to be the
halfspaceon one side of h, and h* to be the halfspaceon the other
sideof h. De'ne Si to be the subsetof boxesin S°lying completely
in hi , S* to be the subsetof boxesin S°lying completely in h*, and
St to be the subsetof boxes intersecting h. We chooseh such that
jSij< jSY=2 and jS*j - jSY=2. We then recursively construct three
subtreeswhoseroots becomechildren of the root node °:

2 The subsetSi is stored in a d-LSF-interval tree with R\ hi as
de ning region.

2 The subsetS* is stored in a d-LSF-interval tree with R\ h* as
de ning region.

2 The subsetS? is storedin a (dj 1)-LSF-interval tree with R\ h
asde ning region.



We could start the construction with the ertire input setS and any box
R completely containing S asde ning region. To achieve good performance,
howewer, we rst needto apply onesimple but crucial step: we divide S into
three “oriented' subsetsSy, Sy, and S,, whereSy, Sy and S, cortain all boxes
whoselongestedgesare parallel to the x-axis, y-axis and z-axis, respectively,
with ties broken arbitrarily . We then build an LSF-interval tree for ead of
thesethree subsetsseparately and combine them at the top level. For each
of the subsets,we say that the primary axis is the axis that correspondsto
the orientation of the longest edgesof the boxesin the set; the other axes
are called secondary axes

2.2 Analysis for box-intersection queries

We will analyse the query time in 3-dimensional LSF-interval trees for a
box-intersection query in the subtree constructed for Sx. The analysis for
Sy and S; is similar; therefore, the asymptotic bounds we obtain hold for
the ertire tree aswell. Recall that a query with a range Q visits all nodes
° whosebounding box b(°) intersectsQ. In the analysis, however, we work
with a slightly extendedrange Q-, and we will chargethe visiting of someof
the nodesto “approximate answers', that is, to input boxesintersecting Q-.
In the analysiswe will usethe following notation:

Q: the query range;
w = w(Q): the length of the longest edgeof the query range;

2> 0: the factor determining the size of the extended query range; to sim-
plify the formulae we assumethat 2 - 1, although the analysis can
easily be adapted to values greater than 1. Our analysis holds for
any 0 < 2. 1. Since? is only usedin the analysis and not by the
algorithm, this implies that the actual query time is bounded by the
minimum over all 2 with 0< 2. 1.

Q:: the extenda query range which consistsof Q and all points within a
distance 2w from Q in the L1 -metric;

kz: the number of input boxesintersecting the extendedquery range Q-; by
k2(T) we will denote the number of input boxesin a subtree T that
intersect Q-.

We alsousea parameterthat describescertain properties of the distribution
of the input boxesover the space.



1: the slicing numker of S, de ned asfollows. Let the slicing number , ¢
of S with respectto a cube C be the maximum number of input boxes
that intersectfour parallel edgesof C; then the overall slicing number ,
is the maximum value of | ¢ over all possiblecubesC. Note that a box
alsointersects an edgeif it fully contains that edge. Hence,, is also
an upper bound on the stabbingnumkber %0f S, which is de ned asthe
largest number of input boxeswith a non-empty commonintersection.

At the end of this section, we will show that if the input consistsof a set
of pipeswith small stabbing number, together with a set of arbitrary boxes
with low density, the complete input set will have low slicing number.

We will do the analysis bottom-up, rst analysing the query time in 1-
dimensional subtrees,then in 2-dimensionalsubtrees,then in 3-dimensional
subtrees. We will denotethe subtreewe are analyzing by T, and its de ning
regionby R(T). The subtreerooted at anode® is denotedby To. Sometimes
we will speak of the de ning region R(°) of a node °, which is simply the
de ning region R(T.) of its subtree.

Before we proceedwe state a lemma that we will needat various occa-
sions.

Lemma 2.1 Let T be a d-dimensional LSF-interval-tree and let C be a
k-dimensional cube, with 1 - k - d - 3. Then there are only O(log*i n)
d-nodesin T whosede ning regionsare disjoint and intersect opposite facets
of C.

Pro of: The d-nodesin an LSF-interval tree basically form a d-dimensional
longest-side- rst kd-tree. Hence,the result follows from Lemma 6.6 in Dun-
can'sthesis[6]. This lemmais only stated for the casek = d, but the proof
holds for k < d aswell. o

2.2.1 1-dimensional subtrees

In a 1-dimensional subtree T, the de ning region R(T) is a line segmen
that intersects all input boxes stored in T. The worst-casequery time in
T depends on the relation of R(T) to the query range. In particular, we
distinguish three cases,depending on how many of the two axis-parallel
planescontaining R(T) intersect Q-.

Case 1: Two planes containing R(T) intersect Q:. This caseisillus-
trated in Fig. 2. Parts (a) and (b) of the gure correspond to part (i) in the
lemma below, part (c) to part (ii).
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Figure 2: Two planescontaining the line segmen R(T) intersect Q-.

Lemma 2.2 Let T be a 1-LSF-interval tree storing n boxes. Supposewe
query T with a box Q such that both axis-parallel planescontaining R(T)
intersect Q:-.

() If the axis-parallel projection of Q- onto the line containing R(T)
cortains at least one endpoint of R(T), we visit O(kz(T)) nodes.

(ii) Otherwise, we visit O(logn + k2(T)) nodes.

Pro of:  Since both axis-parallel planes containing R(T) intersect Q:, we
know that R(T) itself must intersect Q.. Hence, an (input or bounding)
box bstoredin T intersectsQ: if and only if b\ R(T) intersectsQ:\ R(T).
We can therefore analysethe query time in this caseasif the situation were
completely 1-dimensional,that is, asif T werea 1-tree storing segmeis on
a line, which is queried with a segmem on the sameline. An analysisof this
case,proving the lemma, can be found in the paper by Agarwal et al. [1]. &

Case 2. One plane containing R(T) intersects Q:. This caseis illus-
trated in Fig. 3. Part (a) of the gure correspndsto part (i) in the lemma
below, parts (b) and (c) to part (ii).

Lemma 2.3 Let T bea 1-LSF-interval tree storing n boxeswith stabbing
number % Supposewe query T with a box Q sud that one axis-parallel
plane containing R(T) intersects Q-.

(i) If the axis-parallel projection of Q: onto the line containing R(T)
contains R(T) completely, then we visit O(kz(T)) nodes.

(i) Otherwise, we visit O(logn + ¥+ k2(T)) nodes.
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Figure 3: One plane containing the line segmen R(T) intersects Q-.

R(D) ~_R(D: " R

‘chw‘ ‘ Co(Tiw ‘ CoMw

a b c

Figure 4: No plane containing the line segmenh R(T) intersectsQ-.

Pro of: Let g be the axis-parallel plane containing R(T) and intersecting
Q:. For any (input or bounding) box bstoredin T, we know that bintersects
Q: if and only if b\ g intersectsQ:\ g. We can therefore analysethe query
time in this caseasif the situation were completely 2-dimensional, that is,
asif T werea 1-tree storing rectanglesin the plane, which is queried with a
rectanglein the plane. An analysis of this case,proving the lemma, can be
found in the paper by Agarwal et al. [1]. o

Case 3: No plane containing R(T) intersects Q:. In the analysis of
this casewe will take into accourt how much of the query range is “within
readh’ of the tree. More precisely consider the intersection of R(T) with
the projection of Q- on the line containing R(T). We denoteby Cq(T) the
length of this intersection divided by the length of the longestedgeof Q|see
Fig. 4. In the next subsectionwe will sum the bound for seeral di®eren
disjoint subtreesT, and then we will usethe fact that their Cq(T )-values
sumup to at most 1+ 22,

Figure 4 illustrates the caseghat arisein the next lemma, with part (a)
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Figure 5: a. A shield on a de ning region parallel to the primary axis. |
b. Arrangemert of cubesintersectedby shieldson a de ning region parallel
to a secondaryaxis.

of the gure corresponding to part (i) of the lemma, and parts (b) and (c)
corresponding to part (ii).

Lemma 2.4 Let T be a 1-LSF-interval tree storing n boxes with slicing
number ,. Supposewe query T with a box Q suc that no axis-parallel
plane containing R(T) intersects Q-.

(i) If the axis-parallel projection of Q- onto the line cortaining R(T)
contains R(T) completely, then we visit Cq(T) ¢O(,=2) + O(, ) nodes.

(i) Otherwise, we visit O(logn + ,=2) nodes.

Pro of:  Sincethe maximum degreeof ead node is nine, the number of
visited leaf nodesis at most nine times the number of visited internal nodes.
Hence, we can restrict our attention to bounding the latter number. Let
Q. denote the axis-parallel projection of Q. onto the line cortaining R(T),
and let R := Q.\ R(T). Let ° be a visited internal node of T, and let
b(°) beits bounding box. We distinguish two cases:b(°)\ R(T) %R, and
b(°)\ R(T) 6¥R. We claim that the number of nodesto which the rst case
appliesis Cq(T) ¢O(,=2) + O(, ), and that the number of nodesto which
the secondcaseappliesis O(%+ logn), where %is the stabbing number of
the boxes stored in the tree. Note that in part (i) of the lemma the second
casecannot arise. Together with the fact that |, | %and Co(T) - 1+ 22,
this meansthat proving the claim above will establish the lemma.

We rst bound the number of nodes for which b(°)\ R(T) 6¥R, since
this is the easiercase. Let © be such a node. Sinceb(°)\ R(T) cannot be
disjoint from R|otherwise b(°) would not intersect Q and ° would not be
visited|it  follows that b(°) must contain an endpoint p of R. Now there
are two possibilities.

11



Oneisthat R(°), the de ning regionof °, is a line segmen containing p.
Sincethe de ning regionsof 1-nodesat a xed level of the tree are disjoint
and the depth of the tree is O(log n), there are only O(logn) such nodes.

The other possibility is that R(°) is a point. But then the priority leaf
immediately below © storing the box extending farthest into the direction
of p must corntain p. We charge the visit of © to this leaf. Sincea leaf gets
chargedonly from its parent, and there are at most 4input boxescontaining
any given point, there are at most 2% sudc nodes.

Thus we nd a bound of O(logn + %) = O(logn + ,) for the caseof
b(°)\ R(T) 6¥R.

Now considerthe nodes® sud that b(°)\ R(T) % R. We shall charge
the visit of © to a certain priorit y leaf directly below it, called a shield Each
shield will be charged at most once, namely from its parent. Bounding the
maximum number of shieldswill then prove this part of the claim.

We start by de ning the shields. Recall that the primary axis of Sy |the
axis parallel to the longest edgesof the boxesin Sglis the x-axis. Since
the two remaining (secondary) axes play equivalent roles, we can assume
that the y-axis is not parallel to R(T). Let us also assumew.l.0.g. that
the y-coordinate of R(T) is smaller than the smallest y-coordinate of Q.
A shield is now de ned as a priority leaf whose corresponding input box b
extendsinto the positive y-direction from R(T) over a distance of at least
2w, That is, if Ymax(b) is the maximum y-coordinate of band y(R(T)) is the
y-coordinate of R(T), then bis a shield if ymax(b) i Y(R(T)) , 2w.

We now argue that ead visited internal node © for which it holds that
b(°)\ R(T) ¥R, has at least one shield as a child. Indeed, since none of
the two axis-parallel planescortaining R(T) intersectsQ-, the y-distance of
R(T) and Q must be at least 2w. This meansthat the bounding box of ©
must extend over a distance at least2w into the y-direction from R(T), oth-
erwise® would not be visited. Hence,the input box extending farthest into
the y-direction, extendsthat far; the priority leaf directly below © storing
this box is a shield.

It remainsto bound the number of shields. We considertwo subcases.

The rst subcaseis that R(T) is parallel to the x-axis, asin Fig. 5a.
In this casethe length of any box in Sy along R(T) is at least its length
in any other direction. In particular, a shield will cover a portion of R
of length at least 2w. Since no point is contained in more than % input
boxes, there can be at most %¢length(R)=(2w) shieldsin this case.Because
length(R) = Cqo(T) ¢w by de nition, the number of shieldsis bounded by
¥¢Cq(T)=2

12
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Figure 6. The plane containing the rectangle R(T) intersectsQ-.

The secondsubcaseis that R(T) is parallel to the z-axis|see Fig. 5b.
In this case,a shield must extend over a distance of at least 2w upwards
from R(T) and over a distance of at least 2w=2 into either the positive of
negative x-direction from R(T ). Now imagine aline-up of d2Cq (T )=2e cubes
of size2w=2 whoselower right edgestogether cover Q's projection on R(T).
Add a copy of this line-up shifted right over a distance of 2w=2, so that
in the secondline-up, the lower left edgestogether cover Q's projection|
seeFig. 5b. Since a shield extends away from R(T) in both orthogonal
directions over a distance greater than the sizeof the cubesin the line-up, it
must intersect the four edgesparallel to R(T) of at least one of thesecubes.
Since the slicing number of the input boxesis at most |, there can be at
most 2, d2Cq(T)=2e- 2, + 4Cq(T),=2? shieldsin this case.

Using, , % we concludethat the boundsfor both subcasesare within
O(, ) + Co(T) ¢O(,=?), which nishes the proof of our claim. o

2.2.2 2-dimensional subtrees

Let T be a 2-dimensional subtree. As before, it will be useful to take into
account how much of the query range'sboundary is “within readch' of the tree.
More precisely considerthe edgesof Q:'s projection on the plane corntaining
R(T). Denote by Cq(T) the sum of the lengths of the intersectionsof these
edgeswith R(T), divided by w, the length of the longestedgeof the query
range.

We distinguish two cases,depending on whether or not the plane con-
taining the 2-dimensionalde ning region R(T) intersects Q-.

Case 1. The plane containing R(T) intersects Q:. This caseis illus-
trated in Fig. 6. Parts (a) and (b) of the gure correspond to case(i) in the
lemma below, part (c) to case(ii), and part (d) to case(iii).
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Lemma 2.5 Let T be a 2-LSF-interval tree storing n boxeswith stabbing
number ¥ Supposewe query T with abox Q sud that the plane containing
R(T) intersectsthe extendedquery rangeQ-. Let Q. denotethe intersection
of Q: with the plane containing R(T).

(i) If at most one edge of Q. intersects R(T), then we visit O(k:(T))
nodes.

(i) If two opposite edges,and no other edges,of Q. intersect R(T), then
we visit O(log?n + k:(T)) + Cq(T) ¢O((log® n)=?) nodes.

(i) Otherwise we visit O((log?n)=2+ ¥logn + k:(T)) nodes.

Pro of: First we obsene that the longest edgeof Q- haslength (1 + 22)w
and that its shortest edgehas length at least 22w. Hence,the aspect ratio
of Q. and the aspect ratio of Q. are at most 1+ 1=(22).

Since R(T) intersects Qz, we know for any (input or bounding) box b
storedin T that bintersectsQ: if and only if b\ R(T) intersectsQ:\ R(T).
We can therefore analysethe query time in this caseasif the situation were
completely 2-dimensional, that is, asif T were a 2-tree storing rectangles
in the plane, which is queried with Q.. Since Q. has aspect ratio at most
1+ 1=(22), parts (i) and (iii) of the lemma now immediately follow from the
results by Agarwal et al. [1].

For part (ii), we needa bit more re ned analysis. Considerthe collection
N of all visited 2-nodes® in T whosede ning region R(°) intersectstwo
opposite edgesof Q., and no other edges. This collection forms a subgraph
G(N) of T, which is a tree rooted at the root of T. We shall rst bound the
number of nodesin N, and then the number of visited descendats.

To bound the number of nodesin N, we cover Q. with at most d®e
squareswith side length (1 + 22)w=®, where ® - 1+ 1=(22) is the aspect
ratio of Q.. From abound on the number of nodesintersecting thesesquares,
we can derive a bound on the number of nodesin N as follows. At most
®Cq(T)+ 1ofthe squaresintersectR(T). Now consideranode® 2 N. Since
R(°) intersectstwo opposite sidesof Q, it intersectstwo opposite sidesof at
least one of the ®Cq(T) + 1 squaresusedto cover Q.\ R(T). Obsene that
the leavesof G(N )|that s, the nodesthat have no children in N ; they need
not be leavesof T |ha ve disjoint de ning regions. Lemma 2.1 implies that
the number of such leavesis O(log n) + Co (T ) @O(®logn). If weinclude their
ancestorsin the count, we obtain a bound of O(log? n) + Co(T ) ¢O(®log? n)
on the number of nodesin N.
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R(W)  R(w)
e

R(pa(n))

(case a)

Figure 7: * is a 1-node whose de ning region cuts a 2-node intersecting
opposite edgesof Q., that is: opposite facets of Q.

It remainsto bound the number of descendats of the nodesin N. These
are organizedinto subtreeswhoseroots are children of nodesin N and are
not in N themselwes. Consider such a root node!. Let pa(*) 2 N be the
parent of 1. There are three cases.

2 The rst caseisthat ! isa2-node. In this caseR(?) intersectsat most
one edgeof Q., asin part (i) of the lemma; if it would intersect two
opposite edgesit would be in N, and the casewhere a vertex of Q.
liesin R(*) cannot occur whenwe are handling part (i) of the lemma.
The total number of visited nodes of T. is O(k:(T:)) by part (i) of
the lemma. Summing over all nodes?! thus givesus a total bound of
O(kz(T)) for thesesubtrees.

2 The secondcaseis that the root is a 1-node® and R(*) cuts R(pa(*))
such that pa(*) hastwo children in N |see Fig. 7 case(a).

The number of nodesof degreetwo in G(N ) is no morethan the number
of leavesin G(N ), sothere canbeat most O(log n)+ Cq(T ) tO(®logn)
such nodes!. Lemma 2.2(ii) statesthat the query time in eadh suc
tree is O(logn + kz(T:)), so the total query time in these trees is
O(log?n + k:(T)) + Cqo(T) ¢O(®log? n).

2 The third caseis that the rootisal-node!, whereR(*) cuts R(pa(t))
such that pa(*) hasat most onechild in N|see Fig. 7 case(b).

Now R(*) must lie completely inside the projection of Q- onto the line
containing R(*). Lemma's 2.2(i) and 2.3(i) state that the query time

15



Figure 8: The plane containing the rectangle R(T) is disjoint from Q-.

in ead tree rooted at such a node is O(kz(T:)). Sincethe number of
such nodesis asymptotically boundedby the sizeof N, the total query
time in these 1-treesis O(log? n + k:(T)) + Co(T) ¢O(®log? n).

In total, we nd a bound of O(log?n + k:(T)) + Cq(T) ¢O(®log?®n). With
®- 1+ 1=(22), this provespart (ii) of the lemma. o

Case 2: The plane containing R(T) does not intersect Q:. This
caseis illustrated in Fig. 8. Part (a) of the "gure correspondsto case(i) in
the lemma below, parts (b) and (c) to case(ii), and part (d) to case(iii).

Lemma 2.6 Let T be a 2-LSF-interval tree storing n boxes with slicing
number , . Supposewe query T with a box Q suc that the plane cortaining
R(T) doesnot intersect Q.. Let Q. denote the axis-parallel projection of
Q- onto the plane containing R(T).

(i) If Q. cortains R(T) completely, then we visit O(k-(T)) nodes.

(i) If R(T) intersectsat least one edgebut no vertex of Q., then we visit
O(, log?n + k(T)) + Cq(T) ¢O(, log® n=2) nodes.

(i) Otherwise we visit O(, log®n=2+ k:(T)) nodes.

Pro of: (i) Without lossof generality, supposeR(T) is horizontal and lies
below Q. Then every node visited in T must have a descendan which raises
high enoughto intersectQ. In particular, there is a priorit y leafimmediately
below this node that storesan input box intersecting Q. We can charge the
visit to this node to the priority leaf. Sincethere are at most kz(T) such
priorit y leavesand eadt of them is charged at most once,the bound follows.
(i) We can distinguish two typesof visited nodes.

The rst type of nodesare 2-nodeswhosede ning regionslie completely
inside Q. and descendats of such nodes. Here a similar argumert asin the
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5 /7 /L/ )

Figure 9: Covering Q. nQ with squares.

proof of part (i) applies: any such node has a priority leaf below it that
intersects Q:, sothere are only O(kz(T)) sud nodes.

The secondtype of nodesare the remaining ones. Let N bethe collection
of all remaining visited 2-nodes. For any node ® 2 N, we know that R(°)
intersectsthe complemern of Q. aswell as Q, the projection of Q onto the
plane containing R(T).

To bound the number of nodesin N we cover Q. n Q using at most
4(d1=2e + 1) squareswith side length 2w, which are contained in Q. nQ|
seeFig. 9. For any node® 2 N we have that R(°) intersectstwo opposite
edgesof at leastoneof thesesquares.SinceR(°) 2 R(T) and R(T) doesnot
cortain a vertex of Q., we canrestrict our attention to squaresthat are used
to cover two opposite “sides'of Q. nQ and that intersect R(T). Hence,the
number of squareswe have to consideris at most 2dCq(T )=2e. As before,
we obsene that the nodesof N form a subgraph G(N) of T, which is a tree
whoseleaves have disjoint de ning regions. Hence,by Lemma 2.1 there are
O(logn) + Cqo(T) ¢O(logn=?) leavesin G(N). If we include their ancestors
in the court, we nd a bound of O(log®n) + Cqo(T) ¢O(log® n=2) on the
number of nodesin N.

It remains to bound the number of descendats of nodesin N. The
descendats are organizedinto subtreeswhoseroots are children of nodesin
N andarenot in N themseles. Considersud aroot node®. Let pa(*) 2 N
be the parent of 1. There are three cases.

2 The rst caseis that ! is a 2-node. But then ! must be of the rst
typelits de ning region must lie completely inside Q.|so we already
counted thesenodesand their descendats earlier.

2 The secondcaseis that ! is a 1-node and R(*) cuts R(pa(*)) in such
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a way that pa(*) hastwo children in N.

The analysis for this case is done the same as in the proof of
Lemma 2.5(ii), now referring to Lemma 2.3 instead of Lemma 2.2.

Sincethe number of nodesof degreetwo in G(N ) is at most its number
of leaves, there can be at most O(logn) + Cq(T) ¢O(logn=2) suc
nodes'. Lemma 2.3(ii) statesthat the query time in ead sud tree
is O(logn + %+ k:(T:)), sothe total query time in thesetreesis

O(log?n + ¥dogn + k:(T)) + Cq(T) ¢O(log? n=2 + ¥dogn=2):
(Note that the k: terms always add up to O(kz(T)).)

The remaining caseis that * is a 1-node and pa(!) is cut by R(*) such
that it hasat most one child in N.

Now R(*) lies completely inside the projection of Q- onto the line
containing R(*). Lemma2.4(i) and Lemma 2.3(i) state that the query
time in sudh treesis O(, )+ Cq(T:)@O(,=2) and O(k:(T:)), respectively.
The number of nodesto which this appliesis clearly bounded by the
number of nodesin N, which is O(log? n)+ Cq (T ) (log? n=2). Hence,
the total query time in these 1-treesis

X
O(, log?n + k:(T)) + Co(T) €O(, log?n=?) + "~ Cq(T:) ¢0(,=2);

where the sum is over all 1-nodes?! that are a child of a node in N
and are such that R(*) lies completely inside the projection of Q= onto
the line containing R(*). Note that ead point of an ggigeof Q. liesin
O(log n) de ning regionsof 2-nodes(one perlevel), S0 o,y Co(Te) =
O(logn)Cq(T). The samebound holds if we sum over the 1-nodes?
that are children of nodesin N. Hence,we nd a total query time for
this caseof O(, log?n + k:(T)) + Co(T) ¢O(, log? n=2).

Putting the tree casestogether, and using %- ,, we nd an overall bound
of O(, log?n + k(T)) + Co(T) ¢O(, log? n=2).

(iif) We candistinguish three typesof visited nodes: the two typesthat

were also consideredin the proof of part (i), and a third type, namely
2-nodescortaining a corner of Q and their descendah 1-nodesand 0-nodes.

The number of nodesof the rst two typescanbeboundedasin the proof

of part (ii). Usingthat Cqo(T) - 4(1+ 22), we geta bound of O(, log? n=2+
k:(T)) for thesetypes. As for the third type, we note that there are O(log n)
2-nodes cortaining a corner of Q. If 1 is a 1-node that is a child of such a
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node, then the query time in T. is O(logn + ¥+ k2(T)) or O(logn + ,=2)
by Lemma 2.3 or Lemma 2.4, respectively, sowe have O(log?n + , logn=2+
k2(T)) nodesof the third type. o

2.2.3 3-dimensional trees

Finally we can prove our main result.

Theorem 2.7 Let T be a 3-LSF-interval tree storing n boxes with
slicing number ;. Then a query in T with a box Q will visit
O(Mming<. 1f(1=?)((1=2) + ,)log*n + k.g) nodes, where k- is the number
of boxesintersecting the extended range Q-.

Pro of:  Fix an arbitrary 0 < 2 - 1. As obsened before, it sutces to
bound the number of visited internal nodes. These can be partitioned into
four categories,namely 3-nodes® sud that R(°) intersects:

() at most one facet of Q-,

(i) more than one facet of Q=, but none of its edges,
(iii) at least one edgeof Q=, but none of its vertices,
(iv) at least one vertex of Q:z,

where ead category also includes the descendanh 2-nodes, 1-nodes and O-
nodes of the 3-nodes. We will now treat these casesone by one.

() 3-Nodes®° suchthat R(°) intersects at most one facet of Q:, plus
their des@ndant 2-nodes, 1-nodes, and 0-nodes. Any sudh node must have
a priorit y leaf directly below it that storesa box intersecting Q-. Hence,the
total number of nodesin this categoryis O(kz).

(i) 3-Nodes® suchthat R(°) intersects more than one facet of Q: but
none of its edges,plus their des@ndant 2-nodes, 1-nodes, and 0-nodes.

Let N be the collection of 3-nodesin this category, and let G(N ) be the
subgraph of T formed by thesenodes. G(N) is a forest of trees.

To bound the number of nodesin N, we cover Q. by O(1=2?) cubesthat
are contained in Q= and are asbig asthe smallestedgesof Q- | seeFig. 10.
Any nodein N must intersect opposite facets of at least one of these cubes.
Becausethe leaves of G(N) have disjoint de ning regions, their number is
bounded by O((1=22) log®n) by Lemma 2.1. The total number of nodesin
N is therefore bounded by O((1=22) log® n).
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R(pa(p)) (case b)

R(pa(p)) (case a)

Figure 11: 3d-nodesthat intersect more than one facet of Q:, but none of
its edges.

It remains to bound the number of descendan 2-nodes, 1-nodes, and
0-nodes of the nodesin N. These are organizedin subtreeswhose roots
are children of nodesin N. Let ! be such aroot and let pa(*) 2 N beits
parent. There are two cases,as illustrated in Fig. 11.

2 R(%) cuts R(pa(*)) in suc away that pa(*) hastwo children in N |
seecase(a) in Fig. 11.
Since the number of nodes of degreetwo in G(N) is bounded by the
number of leavesin N, there are only O((1=22)log?n) such roots.
Lemma 2.5(ii) states that the query time in ead subtree rooted at
such a node is O(log? n + kz(T:)) + Cq(T:) ¢O((log? n)=?), sothe total
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qguery time in these subtreesis

X
O((1=?*)log*n + k:) +  Cq(T:) ¢O((log? n)=2);

1

where the sum is over all 2-nodes?! in the current category suc that
R(T:) cuts opposite facets of Q-.

We proceedto bound P 1 Co(T:). To simplify the discussion, let's
assumethat the de ning regionsR(*) and R(pa(*)) cut the top and
bottom facet of Q:, asin Fig. 11, casea. Then for eadh node * we
havethat Cq(T: )w isthe length of R(* ) asseenfrom above. Note that
R(pa(*)) hasheight at least 22w, becausethe height of Q: is at least
that much. Therefore, the length of the horizontal edgesof R(pa(!))
orthogonal to R(*) is at least 22w as well, otherwise R(pa(*)) would
have been cut by a horizontal plane. Cover the top facet of Q= by
0(1=%?) squaresof sidelength 2w. SinceR(pa(*)) hashorizontal edges
of length at least 22w, it must intersect opposite sidesof at least one
such squares. If this happensfor m 2-nodes?, then there are at least
m disjoint de ning regionsof 3-nodesthat intersect opposite sidesof s.
Lemma 2.1 tells us that s is cut by O(logn) disjoint de ning regions.
Hence,the total length within s of all regionsR(*) asseenfrom above
is O(2w logn). Summedover all squareswe nd that the total length
of allgegionsR(*) as seenfrom above is O((w=2) logn). This implies
that ., Cq(T:) = O((1=?) logn). It follows that the total number of

nodesfor this caseis O((1=22) log* n + k:(T)).

R(T) cuts R(pa(*)) sud that pa(*) hasat most onechild in N |see
case(b) in Fig. 11.

In this caseR(*) lies completely inside the projection of Q- onto the
plane containing R(*). Lemma's 2.6(i) and 2.5(i) state that the num-
ber of visited nodesin ead sud tree is O(kz(T:)), which adds up to
O(ke(T)).

In total, there are O((log#n)=22 + k:) nodesin this category.

(i) 3-Nodes® suchthat R(°) intersects at least one edgeof Q- but does

not contain one of its vertices, plus their des@ndant 2-nodes, 1-nodes, and
0-nodes.

In this caseR(°) must intersect an edgee: of Q- and the corresponding

edgee of Q (the edgewith both endpoints lying at anL; -distanceof 2w from
e), otherwise ® would not be visited. For ead pair e;e: of corresponding
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Figure 12: Covering an edgeof Q with O(1=2) cubes.

R(pa(p)) (case b)

R(pa(w))

(case a)

R(pa(u)) (case b2)

Figure 13: 3d-nodesthat intersect an edgeof Q-, but none of its vertices.

edges,we take a set of O(1=?) cubesof size2w, suc that ead cube hasan
edge contained in e and the opposite edge contained in e, and such that
together they cover e completely | seeFig. 12. Let N be the collection of
3-nodesin the current category, and let G(N ) be the subgraphof T formed
by thesenodes. G(N) is a forest of trees.

Any 3-node in N must intersect opposite edgesof a facet of at least one
of these cubes. Summing over the facets of all cubesand using Lemma 2.1
again, we nd that there are only O(logn=2) leavesin G(N) and, hence,
O(log? n=2) 3-nodesin N in total.

The descendah 2-nodes, 1-nodes, and 0-nodesare organizedin subtrees

rooted at 2-nodes?! with a node pa(*) in N as parent. We distinguish two
casesasillustrated in Fig. 13.
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2 For the subtreesrooted at node ! such that pa(*) hastwo children in
N (case(a) in Fig. 13), we can apply Lemma 2.5(iii) to nd a bound
of O(log? n=2+ ¥logn + k:(T:)) for eac subtree. Sincethe number of
such nodesis bounded by the number of leavesin G(N) we get a total
of O(log®n=22 + ¥%log®n=2+ k:) nodes.

2 For the other subtrees,of which there are O(log? n=2), we apply Lem-
mas2.5(i) and (ii) (case(bl) in Fig. 13) and Lemma 2.6(ii) (case(b2))
to nd atotal bound for all such subtreesof

X
O(, log*n=2+ k:) +  Cq(T:) ¢O(, log® n=2):

Becauseanproint in 3-spacelies in at most O(log n) de ning regions
of 3-nodes, Cq(T:) = O((1 + 22)logn) and we get a bound of
O(, log*n=2+ ko).

In total, the number of nodesin this categoryis O((1=2+ , ) log*n=2+ k).

(iv) 3-Nodes® suchthat R(°) contains at least one vertex of Q:, plus
their desendant 2-nodes, 1-nodesand 0-nodes.

At most O(log n) 3-nodescan contain a vertex of Q=. By Lemma 2.6(iii)
ead of them may have a 2-subtreeT with query time O(, log? n=2+ k.(T)),
leading to a total of O(, log®n=2+ k:) visited nodesin this category.

Sincethe number of visited nodesof eat category is within the claimed
bound, this provesthe theorem. a

Remark 2.8 If the query range has bounded aspect ratio, then
it can be shown that the number of visited nodes reduces to
O(Minge< . 1f (,=2) log* n + ko).

2.3 Pip es and low-densit y scenes

Our researt is motivated by the MOLOG project [9], where we need to
perform collision chedking in CAD models of industrial installations sucd
asin Fig. 1. Let S be the set of bounding boxes in the given scene. For
the analysis we assumethat S can be partitioned into two subsetsSp and
Sp, sud that Sp is a set of pipes and Sp forms a low-density seene [4, 11].
These conceptsare de ned as follows.

De nition 2.9 Let b be a 3-dimensionalaxis-parallel box, and considerits
length in x-, y-, and z-direction. The box bis calleda -pipe if the shortest
of thesethree lengths is at most  times shorter than the shortest-but-one.
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Next we de ne the density of a scene,specializedto sets of boxes. (The
original de nition by van der Stappen and Overmars[11] usesballs instead
of cubes, but this is equivalent up to a constart.)

De nition 2.10 A setB of boxesin 3-spacehas density * if the following
holds: any cube C is intersected by at most + boxes from B whoselongest
edgeis longer than the edgelength of C.

Recall that the stabbing number of a set of boxesis de ned asthe maximum
number of boxes with a non-empty intersection. Next we show that low-
density setsand setsof pipeswith low stabbing number alsohave low slicing
number, which meansthat we canusethe analysisof the previoussubsection.

Lemma 2.11 Let S= Sp[ Sp be a setof boxesin 3-spacesuc that Sp
is a setof -pipeswith stabbing number ¥%and Sp hasdensity +. Then the
slicing number of S is at most ( + 2)¥%+ +.

Pro of: Let C be a cube of edgelength c. Sincea box that slicesC has
edgelength at least ¢, the set Sp has slicing number at most +.

It remainsto bound the number of pipesslicing C. A pipe slicing C has
to occupy a volume of at leastc£ c£ c= = c3=" in the cube, unlessit
contains one of the six sidesof the cube completely. In the latter case,the
pipe hasto cortain either the top-right-back corner or the bottom-left-front
corner of C, sothere are at most 2% such pipes. To bound the number of
pipesin the former case,we obsene that the total volume of the intersection
of the pipeswith C is at most ¥£3. Therefore, the total number of boxes
slicing the cube is at most ++ 2%+ ¥3=(c®=") = ++ (" + 2)% a

By putting together Lemma 2.11and Theorem 2.7, we get the following
corollary.

Corollary 2.12 Let S = Sp [ Sp be a set of boxes in 3-spacesuch that
Sp is asetof -pipeswith stabbing number %and Sp hasdensity +. There
is a box-tree for S sud that the number of nodesvisited by a range query
with a query box Q is O(ming<. 1f (1=?)((1=2) + ,)log*n + k:g), where
, = £+ ( + 2)¥%and k- is the number of boxes intersecting the extended
range Q-.

2.4 Analysis for other types of ranges

In the previous sections we assumedthat the query range Q is an axis-
parallel box. In this section we will generalize our results to constan-
complexity ranges of arbitrary shape. A 3D query range is said to have
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constart complexity if its boundary consists of a constart number of al-
gebraic surface patches of constart maximum degree, which are in turn
bounded by a constart number of curvesof constart maximum degree. In
the analysiswe only needthe restriction that @, the boundary of Q, hasa
constart number of local extrema in any orthogonal cross-section,which is
a condition ful'Tlled by the constart-complexity requiremert.

We rst prove a generaltheorem, stating that an LSF-interval tree with
good query complexity for approximate range querieswith boxes also has
good query complexity for approximate range querieswith other shapes. To
this end we de ne a node ° to be chargeable with respect to a given range
if all input boxesstored in To intersect that range, or if © hasa child with
this property. Nodesfor which this is not the caseare unchargeable

Theorem 2.13 Let T bead-dimensionalbox-tree on a setof n boxes, with
d 2 f2;3g. Supposethat, for any 0 < 2 - 1, a query with a box B visits
O(f (n; 2)) nodesthat are unchargeablewith respect to the extended query
box B:. Then a range query with a constart-complexity range Q Vvisits
O(ming< . 1f (1=?)% f (n; 1) + k-g) nodesof T, where k- is the number of
objects intersecting the 2-extended query range Q-.

Pro of: We rst prove the theorem for d = 2.

Fix any 0< 2. 1. We claim that we can cover @ by O(1=2) squares
of edgelength 2w=3, where w is the diameter of Q (as was also shavn for
convex rangesby Arya and Mount [3]). To seethis, considera regular grid
whose cells have size2w=3. Then @ will intersect only O(1=2) grid cells,
becausefor any two adjacert cellsintersectedby a connectedportion of @)
the following holds: either they cortain a local extremum of @D, or the
length of the portion of @) within the cellsis at least 2w=3. Sincethe total
length of @ is O(w), only O(1=2) grid cells can contain a portion of @ of
size O(2w).

Now considera query with a range Q. The number of visited nodesthat
are chargeablewith respectto Q: is clearly O(k:=). Any visited unchargeable
node must have a bounding box that intersectsat least one of the squaresin
the covering of @. To bound the number of such nodes, considera square
s in the covering. De ne its extended squares:o as the set of points within
L, -distance2®w=3 from s. The boundary of the extended squarehas edge
length (1 + 2292w=3 and intersects @, so even for 2° as large as 1, it is
fully contained in Q.. Hence, any node that is unchargeablewith respect
to Q: is unchargeablewith respect to s:o for 2°= 1. The number of nodes
° sudch that b(°) intersectss and that are unchargeablewith respect to s:o
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is O(f (n; 29). Summing over all squaress and plugging in 2°= 1, we get a
bound of O((1=3)f (n; 1)) on the number of unchargeablenodes.

Hence,the total number of visited nodesis boundedby O((1=?)f (n; 1)+
kz), as claimed.

The proof for d = 3 is similar. We start by covering @) by cubesof edge
length 2w=3, where w is the diameter of Q. We claim that @) intersects
0(1=??) cells of a regular grid with cells of the required size. Indeed, any
intersectedcell must have an intersectedfacet, sowe can bound the number
of intersected cells by summing the number of intersected facets over all
O(1=?) grid planesintersecting Q. Since @) consistsof a constart number
of algebraic surface patchesof constart maximum degree,which are in turn
bounded by a constart number of curvesof constart maximum degree,the
samemust hold for the intersection of @ with a grid plane. Therefore, at
most O(1=?) facetscan be intersectedin ead grid plane, and it follows that
Q can be covered using O(1=??) cubes of the required size. From here we
can follow the proof for the cased = 2. o

The analysis of the previous section shaws that in all bounds derived
there, the O(k:) term on the number of visited internal nodes is caused
solely by nodeswith a priority leaf asa child that storesa box intersecting
the extended query range. Such nodesare chargeable,so Theorem 2.13and
Corollary 2.12together imply the following result.

Corollary 2.14 Let S= Sp[ Sp bea setof boxesin 3-spacesuch that Sp
is a setof -pipeswith stabbing number %and Sp hasdensity +. There is a
box-tree for S sud that the number of nodesvisited by a range query with
a constart-complexity range Q is O(ming<. 1f(,=22) log*n + k:g), where
, = =+ ( + 2)%and k- is the number of boxes intersecting the extended
range Q-.

Remark 2.15 The dependencyon 2 that we get is better by a factor of
0O(1=?) than what Dickersonet al. [5] and Ary a and Mount [3] get for queries
with non-corvex query rangesin point sets. Applying Theorem 2.13to their
structure, however, improves the dependency on 2 by a factor of O(1=2),
leading to the samedependencyas we get.

3 The BBD-in terv al tree

The bounding-volume hierarchy of the previous section is based on the
longest-side- rst kd-tree. It turns out that we can improve the results if
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we basethe bounding-volume hierarchy on the so-calledBBD-tree by Arya
et al. [3]. The resulting hierarchy is somewhat unorthodox, however, as it
usesnon-corvex bounding volumes.

De ne a donut to be the set-theoretic di®erenceof two boxes, one being
contained in the other. That is, a donut is de ned asR* nRi , where R*
and R areboxesand Ri 2 R*. The inner box Ri may be empty, in which
casea donut is simply a box. The inner box may also touch the boundary
of the outer box, in which casea degeneratetype of donut results. It is
not allowed to split the outer box, that is, R* nRi should be connected.
A bounding donut of a set of objects is a donut R* nRi that contains all
objects and whoseouter box R* is the bounding box of the set. A donut
tree for a set of objects is a bounding-volume hierarchy that usesbounding
donuts.

Like a kd-tree, the BBD-tree by Arya et al. is a tree represeting a
recursive decompposition of space. Unlike in a kd-tree, however, the regions
corresponding to the nodesof a BBD-tree are not boxes| they are donuts.
It is possibleto construct a donut tree on a set of boxes using a BBD-tree
in a similar way as one can construct a box-tree from a kd-tree. The main
advantage is that BBD-trees have a stronger “padking property' than kd-
trees: whereasin a longest-side- rst kd-tree there can be O(log® * n) nodes
whoseregionsare disjoint and intersect opposite facets of a cube, there can
be only O(1) sudc nodesin a BBD-tree [3]. This is the main reasonthat we
can show the following result.

Theorem 3.1 Let S be a set of boxes in 3-spacewith slicing number | .
There exists a donut-tree for S suc that a query with a query box Q visits
O(Minge< . 1flog®n+ (,=2) log?n + (,=22) logn + k=g) nodes, wherek: is the
number of boxes intersecting the extendedrange Q-.

This theorem can also be combined with Theorem 2.13 to get the fol-
lowing result:

Corollary 3.2 Let S be a set of boxes in 3-spacewith slicing number | .
There exists a donut-tree for S such that a query with a constart-complexity
range Q visits O(Mino< . 1f (1=22) log®n + (,=22) log® n + k-g) nodes, where
k= is the number of boxesintersecting the extendedrange Q-.

Becausethe details of the construction of the donut-tree and the analysis
of its performance are similar to those of the LSF-interval tree, but still
rather technical, we defer the details to Appendix A.
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4 Concluding remarks

We have developed a new algorithm to construct box-trees, and analyzedits
performancefor approximate range querieswhen the input is a low-density
sceneconbined with (almost) disjoint pipes. We proved that in such a
setting|whic h was motivated by the needto perform collision cheding in
CAD models of industrial installations|jone can acdhieve polylogarithmic
query times. This is in sharp cortrast with the -( N2>+ k) lower bound for
the query time in box-trees for arbitrary input proved by Agarwal et al. [1].
Our bounds almost match the best known bounds for range queries using
box-trees in the much simper caseof point data.

The assumptionswe usein the analysiscannot be relaxed much further.
In particular, we can give a lower bound construction showing that it is
not possibleto achieve polylogarithmic performancefor box-trees when the
input is uncluttered [4] instead of having low-density, even for approximate
queries.

Our results can be used to perform 2-approximate nearest-neighbor
searting, using the techniques described for instance in Duncan's the-
sis [6]. Thus, for input scenessatisfying the requiremerts above, ap-
proximate nearest-neigbor queries take time O((,=22)(log*n)(log, +
log(1=?) + loglogn)) in our LSF-interval-tree, or O(((1=?2)log®n +
(.=22)log?n)(log , + log(1=2) + loglogn)) in our BBD-interval-tree. (Note
that for nearest-neigltbor searting, 2 is given as part of the query.)

In our future work we plan to investigate the performance of box-
trees experimentally. We want to ne-tune our algorithm for constructing
box-trees|in particular, we want to investigate whether the use of prior-
ity leaves, which are so corveniert in the theoretical analysis, pays o® in
practiceland we want to compareit to existing heuristics.
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A BBD-In terv al-T rees

A.1 The construction of BBD-in terv al-trees

The concept of BBD-trees can sere as a basisfor BBD-interval-trees, just
like kd-trees with longest-side- rst splitting can be usedto construct LSF-
interval trees. The construction algorithm is very similar to that for LSF-
interval-trees. It will produce trees whose nodes have degree more than
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ninelbut still O(1). Conversion to a binary tree can easily be done and
doesnot a®ectthe bounds.

First, we divide the set of input boxesS into three oriented subsetsSy,
Sy and S, aswith LSF-interval-trees. We build a 3-BBD-interval-tree, that
is, a BBD-interval tree whosede ning region is 3-dimensional, for ead of
the oriented subsetsseparately and conbine them only at the top level.

A 3-BBD-interval-tree is now constructed as follows. We rst build a 3-
dimensional BBD-tree on the vertices of the input boxes. Then we corvert
the BBD-tree into a BBD-interval-tree in a top-down manner, as described
below. Note that ead node ° in the BBD-tree represents a donut-shaped
cell, which is the set-theoretic di®erenceof an outer box R* (°) and a possibly
empty inner box Ri (°).

Starting with the root and the set Sy (or Sy, or S;), we handle eah
node ° as follows. From now on, let S be the set of boxesto be stored in
the subtreerooted at ©.

1. If S is empty, the subtree rooted at ° can be ignored: it has no cor-
responding nodes in the BBD-interval-tree. Otherwise, we make a
corresponding node °° in the BBD-interval-tree, in which we store a
bounding donut b(S) nRi (°), where b(S) is the bounding box of S.
Note that i(S) ¥2R* (°). In the analysis,the BBD-tree cell assaiated
with °© will be referredto asthe de ning region R(°9 of °°

2. For eadh of the six directions +x, j X, +y, |y, +z,and j z wetakethe
box in S extending farthest in that direction. Each of these at most
six boxesis stored in a separateleaf, called a priority leaf, immediately
below the subtree's root node °°. Let S° denote the set of remaining
boxesin S.

3. In the BBD-tree, the region R* (°) nRi (°) corresponding to node °©
is split into two subregionswith a splitting surface. This is either a
rectangleor a box; in the latter casethe box always contains the inner
box Ri (°). Let R; and R, be the two resulting subregions;they are
the regions corresponding to the children ©; and °, in the BBD-tree.
De ne S; to bethe subsetof boxesin S that lie completely inside Ry,
de ne S, to be the subsetof boxesthat lie completely inside R,, and
de'ne St to bethe subsetof boxesthat intersectthe splitting surface.

2 \We construct one subtree for © % by recursively calling the proce-
dure with child ©; and subsetS;.
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2 We construct another subtree for °9 by recursively calling the
procedurewith child °, and subsetS.

2 The set Sf is handled as follows. In the LSF-interval tree, we
could construct a 2-dimensional LSF-interval tree for the com-
plete set SE | but now we needto be more careful.

First of all, we needto ensurethat any bounding donut that may
be constructed when handling a subsetof S is cortained fully
inside the region R* (°) nRi (°). To this end, we rst partition

S into six subsetssuch that the bounding box of ead subsetis
disjoint from Ri (°). This is possiblebecauseead box in S can
be separatedfrom Ri (°) by a plane through one of the six facets
of Ri (°).

Consider one subset, let's call it §, of the resulting six subsets.

If the splitting surfaceis a rectangle r, we simply store § in a
2-dimensional BBD-interval tree with r asde ning region.

If the splitting surfaceis a box b, we proceed as follows. We
cannot only construct a 2-BBD-interval tree for ead facetf of b,
becausehe intersectionof abox in § with a® ) neednot be fully
contained in f . Hence,we construct twenty-six subtrees: one for
ead vertex of b, onefor ead edgeof b, and onefor eat facet of b.
If abox in § contains one or more verticesof b, it is storedin the
subtree constructed for one of these vertices (it doesn't matter
which one); if it doesnot cortain a vertex but intersects one or
more edgesiit is storedin the subtree constructed for one of these
edges;otherwise it is stored in the subtree onstructed for one of
the facets. Note that this meansthat a 3-node in a BBD-interval
tree can have not only 3-nodesand 2-nodes,but also 1-nodesand
0-nodesasdirect children.

It remainsto describe the construction of d-BBD-interval-treesfor d < 3.

2-BBD-interval-treesare built like 3-BBD-interval-trees, exceptthat the
underlying BBD-tree is a 2-dimensional tree subdividing a rectangler in-
stead of a 3-dimensional bounding box. Note that the bounding donuts
stored in a 2-BBD-interval-tree are still 3-dimensional: the 2-dimensional
de ning regionsare extendedin the third dimension just enoughto t the
3-dimensionalboxesstored in the corresponding subtree. Priorit y leavesare
still createdfor both directions in all three dimensions.

1-BBD-interval-trees and 0-BBD-interval-trees are constructed just like
LSF-interval-trees: there is nothing to be gained from using donuts here.
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A.2 Analysis for range searching with boxes

The following lemma results from the padking constraints proven for the
original BBD-tree by Arya et al. [3]:

Lemma A.1 Let T be a d-dimensional BBD-interval-tree and let C be a
k-dimensional cube, with 1- k- d- 3. Then there are only O(1) d-nodes
in T whosede ning regionsare disjoint and intersect opposite facetsof C.

The analysisfor searting with boxesin BBD-interval trees now resem-
blesthe analysisfor LSF-interval treesvery much. The essetial di®erences
we have to take into accourt are the following.

First, wherewer the analysis of a LSF-interval treesrefersto Lemma 2.1
for the fact that only O(logn) or O(log? n) disjoint cells can intersect oppo-
site sidesof a square or cube, respectively, an analysis for a BBD-interval
tree would refer to Lemma A.1 for the fact that only O(1) disjoint cellscan
intersect opposite sidesof a squareor cube.

Second,the donut-shaped nodesintro duce additional casesin the anal-
ysis.

We will now show how to derive the bounds for the BBD-interval-trees.
The readerwill be assumedto be familiar with the analysisof LSF-interval-
trees, so we will not explain all argumerts and notation in full detail any-
more. Since 1-BBD-interval trees are the sameas 1-LSF-interval trees, we
start with the analysis of 2-BBD-interval-trees.

A.2.1 2-dimensional subtrees

We distinguish two casesdepending on whether or not the plane containing
the 2-dimensionalde ning region R(T) intersects Q-.

Case 1. The plane containing R(T) intersects Q-.

Lemma A.2 Let T bea2-BBD-interval tree storing n boxeswith stabbing
number % Supposewe query T with a range Q sud that the plane con-
taining R(T) intersects Q.. Let Q. denote the intersection of Q. with the
plane containing R(T).

(i) If no edgeof Q. intersectsR(T), then we visit O(k-(T)) nodes.

(i) 1f novertex of Q. liesin R(T), then we visit O(logn+ kz(T))+ Co(T)¢
O((log n)=?) nodes.
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(i)

In all cases|that is, there might be a vertex of Q. lying inside R(T)|
we visit O(log?n + (1=2+ ¥ logn + k(T)) nodes.

Pro of: As obsened before, it sutxcesto bound the number of visited
internal nodes.

() In this case,R(T) must lie completely inside Q=, otherwise T would

(ii)

not be visited at all. The bound follows trivially .

We can distinguish two kinds of visited nodes: those in 2-subtrees
whosede ning regionslie completely inside Q-, and thosein 2-subtrees
whosede ning regionsintersect the boundary of Q-.

For the rst type, the sameargumert asin part (i) of the Lemma
applies;their number is bounded by O(k:(T)).

Let N be the collection of all remaining visited 2-nodes,and G(N) be
the subgraph of T formed by those nodes. We bound the number of
leavesin G(N) by the sameargumert asin the proof of Lemma2.6, now
referring to Lemma A.1 instead of Lemma 2.1. The number of leaves
in G(N) is therefore boundedby O(1) + Cq(T) ¢O(1=?), and the total
number of nodesin N is boundedby O(logn) + Cq(T) ¢O((log n)=?).

It remains to bound the number of descendats of the nodesin N.
These are organizedin subtreeswhoseroots are children of nodesin
N and are not in N themseles. Consider such a root node !, and let
pa(*) beits parent. There are four cases.

casel: ! is a2-node. Then ! must either lie completely inside Q., in
which casewe already courted it, or completely outside Q., in which
caseit is not visited. Sowe can ignore this case.

case2: ! is a 1-node and a®R(*)) cuts Q.. If R(*) itself does not
cut any edgeof Q, it lies either inside or outside Q. and the number
of nodesvisited is trivially bounded by O(k:(T:)). Otherwise, if one
or two edgesof Q. are cut, we know by Lemma 2.2 that the number of
nodesvisited in T:. is boundedby O(logn + kz(T:)). Note that in this
caseR(1) cuts R(pa(t)) in such a way that pa(*) has two children
in N, sothe number of such nodes?® is bounded by the number of
leaves in G(N), which is O(1) + Co(T) ¢O(1=?). Hence, the total
number of nodes visited in subtreesrooted at such nodes! must be
O(logn + ke(T)) + Cqo(T) ¢O((log n)=?).

case 3: ! is a 1-node and a®R(*)) doesnot cut Q.. This implies
that R(*) lies "next to Q:', on a line parallel to the closestedge of
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(i)

Q.. In principle, R(*) could cortain the projection of a vertex of Q.
on a®R(1)). But in that case,the vertex should have to lie inside
the inner box of R(pa()), since we are in case(ii) of the Lemma.
By the construction of the 1-subtrees, there must then be a plane
through oneof the facetsof the inner box which separateshe bounding
box of all boxesin T from the inner box, and thus, also from Q-.
Hence,the subtreerooted at * will bevisited only if R(*) is completely
contained in the projection of Q- on a®R(*)). Therefore, we can
apply Lemma 2.3(i) and nd that the number of nodesvisited in T: is
O(kz(T:)). Hence,the total number of nodesvisited in subtreesrooted
at such nodes?! is O(kz(T)).

case4: ' is a 0-node. Similar to case3, either there must be a plane
that separatesthe bounding box of T: from Q. (so that T. is not
visited at all), or there must be an axis-parallel line through R(%)
that intersects Q.. Then, any node visited in T. must have a priority
leaf directly below it that stores a box intersecting Q.. Hence, the
total number of nodesvisited in sud subtreesis O(kz(T)).

In total, we nd the claimed bound of O(logn + k:(T)) + Co(T) ¢
O((log n)=2).

We can distinguish three types of visited nodes: the two types that
were also consideredin the proof of part (i) and (ii), and a third type,
namely 2-nodescortaining a cornerof Q. and their descendan 1-nodes
and 0-nodes.

The number of nodes of the rst two types can be bounded as in
the proof of part (ii). As for the third type, we note that there are
O(log n) 2-nodescortaining a corner of Q.. If 1 is a 0-node or 1-node
that is a child of such a node, then the query time in T: is boundedto
O(logn + ¥+ k2(T:)) by Lemmas2.2 and 2.3). This leadsto a total
of O(log®n + ¥dogn + ke(T)). Using Co(T) - 4+ &, wegeta nal
bound of O(log?n + (1=2+ ¥ logn + k:(T)).

o]

Case 2: The plane containing R(T) does not necessarily intersect

Q-.

Lemma A.3 Let T be a 2-BBD-interval tree storing n boxes with slicing
number ,. Let Q. denote the projection of Q. onto the plane cortaining
R(T).
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(i) If no edgeof Q. intersectsR(T), then we visit O(k-(T)) nodes.

(i) 1f no vertex of Q. intersectsR(T), then we visit O(, logn + k:(T)) +

(i)

Co(T) ¢O((, logn)=?) nodes.

In all caseg that is, there might be a vertex of Q. lying inside R(T)
| wevisit O(log?n + (, logn)=2+ k:(T)) nodes.

Pro of:

(i) In this case,R(T) must lie completely inside Q., otherwise T would

(ii)

not be visited at all. Using the priority leaves as with LSF-interval-
trees,we nd a bound of O(k:(T)).

This caseis handled basically asin the proof of Lemma A.2(ii), now
referring to Lemma2.4instead of Lemma2.3andto Lemma2.3instead
of Lemma 2.2.

Again, we will worry only about 2-nodesvisited that are not addressed
by part (i) of the lemma, and their descendats. Let N be the collec-
tion of such 2-nodes,and G(N ) be the subgraphof T formed by those
nodes. The number of leavesin G(N) is O(1) + Cq(T) ¢O(1=2), and
the total number of nodesin N is O(logn) + Cq(T) ¢O((log n)=2).

The descendaits of the nodesin N are organizedin subtreeswhose
roots are children of nodesin N and arenot in N themseles. Consider
such aroot node *, and let pa(*) beits paren.

casel: ! is a 2-node. As before, this casecan be ignored.

case2: ! isal-nodeand a®R(*)) cuts Q.. If R(*) itself doesnot cut
any edgeof Q, it lies either inside or outside Q. and the number of
nodesvisited is boundedby O(k:(T:)). Otherwise, if one or two edges
of Q. are cut, we know by Lemma 2.3(ii) that the number of nodes
visited in T: is bounded by O(logn + ¥+ k:(T:)). Note that in this

caseR(1) cuts R(pa(*)) in such a way that pa(*) hastwo children

in N, sothe number of such nodes? is bounded by the number of
leaves in G(N), which is O(1) + Cq(T) ¢O(1=?). Hence, the total

number of nodes visited in subtreesrooted at such nodes! must be
O(logn + %+ ko(T)) + Co(T) ¢O((log n)=2+ ¥#2).

case3: ! isal-node and a®R(*)) doesnot cut Q.. This implies that
R(*) lies 'next to Q.', on a line parallel to the closestedgeof Q.. As
explainedin the proof of Lemma A.2, we may assumethat R(*) does
not cortain the projection of a vertex of Q. on a®R(*)). Therefore,
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we can apply Lemma 2.4(i) and nd that the number of nodesvisited
in T isO(, )+ Co(T:) ¢O(,=2). As in the proof of Lemma 2.6, we can
usetrll_e fact that the number of such nodes? is bounded by jNj and
that fljpa(l)ZNgCQ(Tl) = O(logn)Cq(T). Hence,we nd a total
query time for this caseof O(, logn) + Cq(T) ¢O(, (logn)=2).

case4: ! is a 0-node. Clearly, the total asymptotic query time in the
subtreesrooted at such nodes cannot be worse than the number of
boxes stored in sud trees, which is O(jNj ¢%) = O(%dogn) + Co(T) ¢
O(¥log n)=2).

Using %- ,, we nd an overall bound of O(, logn+ k:(T)) + Co(T) ¢
O(, (logn)=?).

(iii) Again, we can distinguish betweenthe types of nodesthat were also
consideredin the proof of part (i), and another type, namely the
2-nodes containing a corner of Q. and their descendah 1-nodes and
0-nodes.

The number of nodesof the rst typescanbe boundedasin the proof
of part (i), usingthat Co(T) - 4+ 8. As for the other type, we note
that there are O(logn) 2-nodes cortaining a corner of Q.. If 1 is a
0-node or 1-node that is a child of such a node, then the query time
in T. is boundedto O(logn + ,=2 + k:(T:)) by Lemmas2.3 and 2.4.
This leadsto a total of O(log?n + , (logn)=2+ k:(T)).

o]

A.2.2 3-dimensional trees

Theorem A.4 Let T bea 3-BBD-interval tree storing n boxeswith slicing
number . and let 2 be any positive real number. Then a query in T with
a range Q will visit O(ming<. 1flog®>n + (,=2)log?n + (,=22)logn + k@)
nodes,wherek: is the number of boxesintersecting the extendedrange Q-.

Pro of: As obsened before, it sutxcesto bound the number of visited
internal nodes.

There is a one-to-onecorrespondencebetween facets of Q and facets of
Q:, between edgesof Q and edgesof Q:, and between vertices of Q and
vertices of Q.. Supposethat the de ning region of a node ° intersects a
facef. of Q= but not the corresponding facef of Q. Then f: and f must
be separated by a plane through a boundary facet of R(°). If this is a
plane through a facet of R* (°), the node must lie completely outside Q and
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will not be visited. If it is a plane through a facet of R (°), then for eath
child of ° that is a 0-node, 1-node or 2-node intersecting f 2, the plane that
separatesit from Ri (°) will alsoseparateit from Q, soit will not be visited.
Therefore, when discussingbounds on the query time in 0-nodes, 1-nodesor
2-nodeswhich are visited, we may assumethat wheneer a facetf. of Q: is
intersected, the corresponding facet f of Q is intersectedas well.

The internal nodesvisited can now be partitioned into four categories.

2 3-nodes® sud that R(°) intersectsno facetof Q:, and their descendah
2-nodes, 1-nodesand 0-nodes.

In this caseR(°) must lie completely inside Q:, otherwise® would not
be visited at all. A bound of O(kz:) on the number of such nodesand
their descendats follows trivially .

2 3-nodes® sud that R(°) intersectsat least one facet of Q=, but none
of its edges,and their descendah 2-nodes, 1-nodesand 0-nodes.

Let N be the collection of all 3-nodesin this category, and G(N) be
the subgraph of T formed by those nodes. We bound the number of
leavesin G(N) by a similar argumert asin the proof of Theorem 2.7,
part (iii), now covering Q- n Q with O(1=2?) cubes and referring to
Lemma A.l instead of Lemma 2.1. The number of leavesin G(N) is
therefore bounded by O(1=2?), and the total number of nodesin N is
bounded by O((log n)=2).

It remains to bound the number of visited nodesin the 2-subtrees,
1-subtreesand 0-subtreesrooted at the children of the nodesin N.
Let ! be suc aroot child and let pa(*) 2 N beits parent. There are
Six cases.

case 1. ! is a 2-node and a®R(!)) intersects Q.. If R(*) does
not intersect any facet of Q:, it lies either inside Q- or outside Q
and the number of nodes visited is trivially bounded by O(k:(T:)).
Otherwise, if one or two facets of Q: are intersected, we know by
Lemma A.2(ii) that the number of nodes visited in T: is bounded
by O(logn + k(T )) + Co(T:) ¢O((log n)=2). Note that in this case
R(*) cuts R(pa(t)) in such a way that pa(*) has two children in
N, so the number of such nodes! is bounded by the number of
leavesin G(N), which is O(1=2?). Hence, the total humber of nodes
¥.jsited in subtrees rooted at sudh nodes ! is O((log n)=2 + k.) +

f2jpac)2N g CQ(T)O((log n)=2).

37



We proceedto bound P , Co(T:). To simplify the discussion, let's
assumethat the de ning regionsR(*) and R(pa(*)) intersect the top
facet of Q:=. As explained above, we may gssumethat they intersect
the top facet of Q aswell. We canbound . Cq(T:) asfollows. For
ead node! we havethat Cq(T:)w is the length of R(*) asseenfrom
above. The de ning regionsR(*) cut the top facet of Q: into a number
of cells. Sincethese cuts intersect the top facets of both Q- and Q,
they must have height at least2w. We now usethe property that BBD-
trees have fat donuts. In particular, if the inner box doesnot touch a
given facet of the outer box of a donut, then the distance betweenthe
inner box and the facet is not smaller than the size of the inner box.
Hence, parallel cuts of height at least 2w cannot be arbitrarily close
together | in fact, the total length of the cuts through any £(2w)
sizesquareof the top facet of Q- must be O(2w). The top facet of Q-
n be covered by O(1=2?) SC]lr_I{:lI‘eSOf size £( 2w), so the total length
1 Co(T)w is O(1=2w), and , Cq(T:) is O(1=2).

With this, we nd a total bound of O((log n)=22 + k:) for this case.

case?2: ! is a 2-node and a®R(*)) doesnot intersect Q.. This im-
plies that R(*) lies 'next to Q:', on a plane parallel to the closest
facet of Q:. Following a similar argumert as in the analysis of case
3 in Lemma A.2(ii), we conclude that R(*) does not intersect the
projection of any edge of Q- on a®R(*)). Therefore, we can ap-
ply Lemma A.3()) and nd that the number of nodesvisited in T. is
O(kz(T:)). Hence,the total number of nodesvisited is O(k:) for this
case.

case 3: 1 is a 1-node and a®R(*)) intersects Q-. If R(*) doesnot
intersect any facet of Q:, it lies either inside Q: or outside Q and the
number of nodesvisited is bounded by O(k:(T:)). If oneor two facets
of Q: are intersected, we know by Lemma 2.2(ii) that the number of
nodes visited in T. is bounded by O(logn + k:(T:)). Note that in
this caseR(*) must be (part of) an edge of a box-shaped cut that
cuts R(pa(*)) in such a way that pa(*) hastwo children in N, sothe
number of such nodes?® is bounded by the number of leavesin G(N ),
which is O(1=?2). Hence,the total number of nodesvisited in subtrees
rooted at such nodes? is O((log n)=22 + k).

case4: ! is a 1-node and only one axis-parallel plane containing R(*)
intersectsQ:. Considerthe projection of Q= on the other axis-parallel
plane containing R(*). Following a similar argumert asin the analysis
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of case3 in Lemma A.2(ii), we concludethat R(*) doesnot intersect
any edgeof this projection, and therefore, R(* ) doesnot cortain any
vertex of the projection of Q- on a®R(t)). Therefore, we can ap-
ply Lemma 2.3(i) and nd that the number of nodesvisited in T. is
O(kz(T:)). Hence,the total number of nodesvisited is O(k:) for this
case.

caseb5: ! is a 1-node and both axis-parallel planes containing R(*))
are disjoint from Q-. Consider the edgee of Q- which is parallel to
R(*) and closestto a®R()). SinceR(pa(*)) doesnot intersect any
edgeof Q: by de nition, e must intersectits inner box Ri (pa(t)). By
the construction of the 1-subtrees,there must be a plane through one
of the facets of the inner box which separatesthe bounding box of all
boxesin T. from the inner box, and thus, also from Q:. Therefore,
such subtreesT: are not visited at all.

case6: ! is a 0-node. Clearly, the total asymptotic query time in the
subtreesrooted at such nodes cannot be worse than the number of
boxes stored in sudh trees, which is O(jNj ¢¥) = O(¥{log n)=2?).

3-nodes® sudch that R(°) intersectsat least one edgeof Q=, but none
of its vertices, and their descendah 2-nodes, 1-nodesand 0-nodes.

Let N be the collection of all 3-nodesin this category, and G(N) be
the subgraph of T formed by those nodes. We bound the number of
leavesin G(N) by the sameargumen asin the proof of Theorem 2.7,
part (iii), now referring to Lemma A.1l instead of Lemma 2.1. The
number of leavesin G(N) is therefore bounded by O(1=2), and the
total number of nodesin N is bounded by O((log n)=2).

It remains to bound the number of visited nodesin the 2-subtrees,
1-subtreesand 0-subtreesrooted at the children of the nodesin N.
Let 1 be suc aroot child and let pa(*) 2 N beits parent. There are
four cases.

case l: 1 is a 2-node and a®R(!)) intersects Q-. If R(*) doesnot
intersect any facet of Q:, it lies either inside Q: or outside Q and the
number of nodesvisited is trivially bounded by O(k:(T:)).

Otherwise, if R(1) is (part of) a cut that divides pa(*) such that it
hastwo children in N, we know by Lemma A.2(iii) that the number of
nodesvisited in T: is boundedby O(log?n + (1=2+ %) logn + k:(T:)).
Sincethe number of sud cuts is bounded by the number of leavesin
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G(N), the total number of nodes visited in subtreesrooted at suc
nodes? is O((log?n)=2+ (logn)=22 + (¥logn)=2+ k).

The remaining subcaseis that R(*) is part of a cut suc that pa(*)
has onechild in G(N) and one child piercing a facet (that is: one child
in N as de ned in the category handled above). By Lemma A.2(ii)
we know that the number of nodes visited in ead suc tree T:. is
O(logn+ kz(T:)) + Cq(T:)®O((log n)F—,Z). From the analysisof casel in
the previous categorywe know that ~ , Cq(T:) is O(1=?), and we nd
that the total nun}per of nodesw’sited for this subcasecan be bounded
by jNjO(logn) + =, ke(T:) + =, Co(T:)(log n)=?) = O((log® n)=2+
(logn)=2* + kz).

In total, we obtain a bound of O((log? n)=2+ (log n)=22+ (¥dogn)=2+
k=) for this case.

case2: ! is a 2-node and a®R(*)) doesnot intersect Q:. This im-
plies that R(*) lies ‘'next to Q:', on a plane which is parallel to the
closestfacet of Q-. Following a similar argument as in the analysis
of case3 in Lemma A.2(ii), we conclude that R(*) does not inter-
sect the projection of any vertex of Q- on a®R(*)). Therefore, we
can apply Lemma A.3(ii) and nd that the number of nodes visited
in T is O(, logn + k:(T:+)) + Cq(T:) ¢O(, (logn)=2). Becauseany
point on an edgeof ,Qz lies in at most O(logn) de ning regions of 3-
nodes,it holdsthat CQ(lIl) = 0((1 +@2) logn) and we get a total
bound of jNjO(, logn)+ O( . ke(T:))+ 1 Co(T:)0O(, (logn)=?) =
O((, log?n)=2+ k) for this case.

case 3: ! is a 1-node. In the worst-case, the query time in eah
subtree T: is O(logn + ,=2) (Lemma 2.4). Therefore,lg1e total query
time for this caseis at most jNj ¢O(logn + =2) +  O(k:(T:)) =
O((log?n)=2+ (, logn)=2 + ko).

case4: ! is a 0-node. Clearly, the total asymptotic query time in the
subtreesrooted at such nodes cannot be worse than the number of
boxes stored in suc trees, which is O(jNj ¢33 = O(34log n)=2).

3-nodes® such that R(°) intersectsat leastone vertex of Q=, and their
descendah 2-nodes, 1-nodesand 0-nodesnot included in the previous
categories.

At most O(logn) 3-nodes can contain a vertex of Q.. Each of them
may have O(1) 2-subtreeswith query time O(log®n + (, logn)=2 +
ko(To)) ead (by Lemma A.3(iii)), O(1) 1-subtreeswith query time
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O(logn + ,=2) ead in the worst case(Lemma 2.4(ii)) and O(1) O-
subtreeswhosequery times are trivially bounded by O(%) ead. This
leadsto a total of O(log®n + (, log®n)=2+ k:) visited nodesin this

category.

Since the number of visited nodes of eat category is within the bound
claimed, this provesthe theorem. o
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