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Abstract

A box-tree is a bounding-volume hierarchy that usesaxis-aligned
boxesasbounding volumes. We describe a new algorithm to construct
a box-tree for objects in a 3D scene,and weanalyzeits worst-casequery
time for approximate rangequeries. If the input scenehascertain char-
acteristics that we derived from our application|collision detection in
industrial installations|then the query times are polylogarithmic, not
only for searching with boxes but also for range searching with other
constant-complexity ranges.

Keyw ords: bounding-volume hierarchy, box-tree, window query, orthogo-
nal range query, slicing number

1 In tro duction

Motiv ation. Collision checking is an important operation in all applica-
tions where objects move around in a 3D scene|virtual reality, computer
animation, and robotics are obvious examples.A popular way of doing col-
lision checking is the following two-phaseapproach. In the ¯rst phase,the
¯ltering phase, one ¯nds all primitiv e objects in the scenewhosebounding
box intersects the query object (or its bounding box). In the secondphase,
the re¯nement phase, one tests for each of theseprimitiv es(if any) whether
it actually intersectsthe object. To speedup the ¯ltering phase,the set S of
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search (NW O). The work by J.G. is supported by the Swedish Foundation for International
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bounding boxesof the primitiv esin the sceneis often stored in a bounding-
volume hierarchy. This is a binary tree whoseleaves store the boxes in S,
and where each internal node º stores the bounding box b(º ) of all boxes
stored in the subtree rooted at º . We call such a tree a box-tree; sometimes
it is more precisely called an axis-aligned-bounding-box tree, or AABB-tr ee
for short. A query with a query rangeQ is performed by traversing the tree
in a top-down manner, only visiting nodes º such that b(º ) intersects Q.
This way we end up exactly in the leavesstoring boxes that intersect Q.

The query time in a box-tree is determined by the number of nodes
visited, and the goal is therefore to organizethe tree in such a way that this
number is kept as small as possible. Agarwal et al. [1] recently showed that
a box-tree exists that has O(n2=3 + k) query time for rangesthat are axis-
parallel boxes,wheren is the total number of boxesin S and k is the number
of boxes intersecting the query range. This bound is rather disappointing:
if the query time would really be that bad, box-trees would not be usedso
much in practice. Unfortunately, the bound is optimal. Agarwal et al. prove
that there are setsof input boxesfor which the worst-casequery time of any
box-tree is ­( n2=3 + k).1 This is the starting point for our work: we want
to understand what makes box-trees perform well in practical applications
even though in theory they may perform badly.

The application we have in mind comesfrom the MOLOG project [9].
The goal of this project is to add motion support to CAD systemsused to
design large industrial installations, such as depicted in Fig. 1.

Adding motion support will help the designer of an industrial instal-
lation to decide whether it will be possible to move certain parts out of
the installation, for maintenance or replacement. The approach taken in
the MOLOG project is based on the probabilistic path planner [2, 8, 12],
a technique for motion planning that has proved very successfulin many
applications. A basic test performed many times by the probabilistic path
planner is collision checking: given a query object|the object for which we
are planning a motion, at a certain position and orientation|do esit collide
with the CAD model? We can now state the goal of this paper as follows:
we want to design a provably e±cient box-tree for storing scenesthat are
CAD models of large industrial installations.

Further background. The lower bounds of Agarwal et al. mentioned
earlier imply that, to be able to designprovably e±cient box-trees for CAD

1 In general, the worst-casequery time of a box-tree in d-dimensional spaceis £( n1¡ 1=d +
k). In this paper we focus on 3-dimensional box-trees, becausethis is most natural in our
application.
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Figure 1: CAD model of a carbon black unit. Designed by OLAJTER V
Processand Energy, Hungary.

modelsof large industrial installations, wehave to makeuseof the properties
of the bounding boxes of the primitiv es in such CAD models. The realistic
input models [4] suggestedin the literature do not seemapplicable in our
setting: the industrial installation of Fig. 1, for instance,contains many long
and thin pipesthat are relatively closetogether. But if we forget about the
pipes, the sceneseemsto be well-behaved. Hence,the assumption we make
is that the boxes in S can be partitioned into two subsets,one containing
only long and thin (almost) disjoint pipes, and one forming a low-density
scene[4]. Here a pipe is de¯ned to be an axis-aligned box whoseshortest
dimensionis at most a constant ¯ times shorter than its middle dimension|
see Section 2.3 for formal de¯nitions of these concepts. It is important
to note that our algorithm to construct the box-tree does not need this
assumption; we only use it in the analysis.

Unfortunately, with the assumption just stated one still cannot prove
good bounds: the ­( n2=3 + k) lower bound for range queries with a box
evenholds if the input consistsof disjoint unit squaresarrangedin a grid-lik e
fashion. Therefore we analyze approximate range queries. More precisely,
insteadof the parameterk in the time bound, weusek² , which is the number
of boxesintersecting the extendedrangeQ² . For a given ² > 0, the extended
rangeQ² is the set of points lying at L 1 -distanceat most ²w from Q, where
w is the length of the longest edgeof Q. The expectation is that in practice
k² will not be much larger than k for moderately small ², at least when the
query range is rather fat. Note that in our application, the query range is
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(the bounding box of) an object for which we are planning a motion. If the
object is a forklift truck or someother car-like device, its bounding box is
likely to be fat. The concept of approximate range searching was also used
by Ary a and Mount [3], who consideredapproximate rangequerieson a setof
points. The parameter ² is not usedby our query algorithm|the algorithm
still visits only nodes whosebounding boxes are intersected by Q|but it
is only used in the analysis. (So perhaps approximate range searching is a
slight misnomer.)

Our results. We describe a new, simple algorithm to construct a box-tree
on a set of boxes in 3D. This algorithm generalizesthe 2D kd-interval tree
described by Agarwal et al. [1] to 3D, with one additional crucial twist: We
partition the input boxes into three subsets,according to the orientation of
their longest edge,and construct separatebox-trees for thesesubsets;these
subtreesare then combined to form the ¯nal tree. Our main contribution
is a rather involved analysisof the worst-casequery time of this box-tree in
the setting described above, showing it is polylogarithmic. More precisely,
we prove that the number of visited nodesis O((1=² + ¸ ) log4 n + k² ), where
¸ is a constant depending on the sceneparameters. Typically, ¸ will only be
large if the input contains many °at `plates' that are very closetogether|
seesection 2.2 for details. Note that the choice of ² determines a trade-o®
between the terms in the bound: choosing ² small will causea large factor
in the ¯rst term, but k² will be closeto k. On the other hand, choosing ²
big keepsthe ¯rst term down, but k² might grow to O(n). In each situation,
the best bound on the query time will be the lowest bound over all possible
valuesof ²; in other words: O(min 0<² · 1f (1=²)(1=² + ¸ ) log4 n + k²g).

This result should be comparedwith the results for approximate range
searching in a setof points in 3-space.Here, the best result that usesboxesas
bounding volumesis by Dickersonet al. [5], who show that the query time in
a so-calledlongest-side-¯rst kd-tree is O(min 0<² · 1f (1=²2) log3 n + k²g). Our
result is more generalthan this, as we store boxes instead of points and the
bounds we get are only slightly worse.

We also intro duce a variant of the box-tree, where an interior node uses
a di®erent type of bounding volume: instead of a bounding box, it can use
a donut-lik e shape, namely the di®erenceof two boxes. This was inspired
by Ary a and Mount [3], who show that a similar structure for points|
they call it BBD-tree|outp erforms kd-trees in the worst case: the time
for approximate range queries in 3D in a BBD-tree is O(min 0<² · 1f logn +
(1=²)2 + k²g). (The same result can be obtained using BAR-trees [6, 7].
BAR-trees use convex, but not necessarilyaxis-parallel, bounding volumes
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whose facets have a bounded number of di®erent orientations.) We prove
that a similar improvement is possiblein our case:our BBD-in terval tree has
a worst-casequery time of O(min 0<² · 1f log3 n + (¸=² ) log2 n + (1=²2) logn +
k²g).

Finally, we extend our results to constant-complexity query ranges
of arbitrary shape, showing that the time for approximate queries with
such ranges is O(min0<² · 1f (¸=² 2) log4 n + k²g) in a LSF-interval tree and
O((log3 n + ¸ log2 n)=²2 + k² ) in a BBD-in terval tree. Similar extensions
were given for the case of point data by Dickerson et al. [5] and by
Ary a and Mount [3], who achieved query times of O((log3 n)=²3 + k² ) and
O(log n + 1=²3 + k² ), respectively. Note that the dependency on ² in our
bounds is better by a factor of O(1=²); only for convex rangesthey are able
to prove the dependencywe get for generalranges. Our proof technique also
appliesto their structures, which implies an improvement of their query time
by a factor of O(1=²) for non-convex ranges.

2 The LSF-in terv al tree

In this section we ¯rst describe how to construct a kd-interval tree with
longest-side-¯rst splitting, or LSF-interval tree for short, for a set of boxes
in 3-space. After that we analyse its performance for approximate range
queries.

2.1 The construction

Our 3-dimensionalLSF-interval tree is a generalisationof the 2-dimensional
kd-interval tree with longest-side-¯rst splitting as described by Agar-
wal et al. [1]. In fact, the 2-dimensionalsubstructures in our 3-dimensional
structure are basically their 2-dimensionalstructures.

Our construction algorithm takes as input a set of 3-dimensional axis-
parallel boxes and their joint bounding box. The algorithm then works
top-down, recursively constructing subtrees on subsetsof the input. In a
genericstep of the construction, we have as input a set S of 3-dimensional
axis-parallel boxes and a de¯ning region R. The construction is started
with the full input set as input and the bounding box of the entire scene
as de¯ning region. In the recursive steps, the de¯ning regions can be axis-
parallel boxes, rectangles, line segments, or points. Each input box b 2 S
will intersect R; more precisely, the de¯ning regionswill always be such that
if a®(R) denotesthe a±ne hull of R, then b \ a®(R) ½ R. If the de¯ning
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region R is d-dimensional, for somed 2 f 0; 1; 2; 3g, then we call the subtree
storing S a d-LSF-interval tree, and we call its root a d-node.

We will now describe an algorithm to construct a d-LSF-interval tree for
a set S of input boxes and a de¯ning region R. The algorithm producesa
tree whosenodeshave degreeat most nine; conversion to a binary tree can
easily be done and doesnot a®ectthe asymptotic bounds.

We proceedas follows:

1. We create a root node º , storing the bounding box b(º ) of the boxes
in S.

2. For each of the six directions + x, ¡ x, + y, ¡ y, + z, and ¡ z we take the
box in S extending farthest in that direction. Each of theseat most six
boxes is stored in a separate leaf, called a priority leaf, immediately
below the root node º . Let S0 denote the set of remaining boxes.
AssumeS0 is non-empty; otherwise we are done.

3. If d = 0, we recursively build a 0-LSF-interval tree for S0 using the
point R as de¯ning region, and we make the root of this tree a child
of º . (In fact, for d = 0, building a cs-priority-box-tree [1] could
make a better choice, but in our analysis the better performance of
a cs-priority-box-tree would be overshadowed by other terms. In the
analysispresented in this paper, we only needthe priorit y leaves,and
the division of boxes among the children doesnot matter.)

Otherwise, if d > 0, let e be a longest edgeof R, where e = R if R is
a line segment. Let h be a plane orthogonal to e. De¯ne h¡ to be the
halfspaceon one side of h, and h+ to be the halfspaceon the other
side of h. De¯ne S¡ to be the subsetof boxes in S0 lying completely
in h¡ , S+ to be the subsetof boxes in S0 lying completely in h+ , and
S£ to be the subset of boxes intersecting h. We chooseh such that
jS¡ j < jS0j=2 and jS+ j · jS0j=2. We then recursively construct three
subtreeswhoseroots becomechildren of the root node º :

² The subsetS¡ is stored in a d-LSF-interval tree with R \ h¡ as
de¯ning region.

² The subsetS+ is stored in a d-LSF-interval tree with R \ h+ as
de¯ning region.

² The subsetS£ is stored in a (d ¡ 1)-LSF-interval tree with R \ h
as de¯ning region.
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We could start the construction with the entire input set S and any box
R completely containing S asde¯ning region. To achieve good performance,
however, we ¯rst needto apply onesimple but crucial step: we divide S into
three `oriented' subsetsSx , Sy , and Sz, whereSx , Sy and Sz contain all boxes
whoselongestedgesare parallel to the x-axis, y-axis and z-axis, respectively,
with ties broken arbitrarily . We then build an LSF-interval tree for each of
thesethree subsetsseparately, and combine them at the top level. For each
of the subsets,we say that the primary axis is the axis that corresponds to
the orientation of the longest edgesof the boxes in the set; the other axes
are called secondary axes.

2.2 Analysis for box-in tersection queries

We will analyse the query time in 3-dimensional LSF-interval trees for a
box-intersection query in the subtree constructed for Sx . The analysis for
Sy and Sz is similar; therefore, the asymptotic bounds we obtain hold for
the entire tree as well. Recall that a query with a range Q visits all nodes
º whosebounding box b(º ) intersectsQ. In the analysis, however, we work
with a slightly extendedrangeQ² , and we will chargethe visiting of someof
the nodesto `approximate answers', that is, to input boxes intersecting Q² .

In the analysis we will usethe following notation:

Q: the query range;

w = w(Q): the length of the longest edgeof the query range;

² > 0: the factor determining the sizeof the extended query range; to sim-
plify the formulae we assumethat ² · 1, although the analysis can
easily be adapted to values greater than 1. Our analysis holds for
any 0 < ² · 1. Since ² is only used in the analysis and not by the
algorithm, this implies that the actual query time is bounded by the
minimum over all ² with 0 < ² · 1.

Q² : the extended query range, which consistsof Q and all points within a
distance ²w from Q in the L 1 -metric;

k² : the number of input boxesintersecting the extendedquery rangeQ² ; by
k² (T ) we will denote the number of input boxes in a subtree T that
intersect Q² .

We alsousea parameter that describescertain properties of the distribution
of the input boxes over the space.
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¸ ¸ 1: the slicing number of S, de¯ned asfollows. Let the slicing number ¸ C

of S with respect to a cube C be the maximum number of input boxes
that intersect four parallel edgesof C; then the overall slicing number ¸
is the maximum value of ¸ C over all possiblecubesC. Note that a box
also intersects an edgeif it fully contains that edge. Hence, ¸ is also
an upper bound on the stabbingnumber ¾of S, which is de¯ned asthe
largest number of input boxeswith a non-empty commonintersection.

At the end of this section,we will show that if the input consistsof a set
of pipeswith small stabbing number, together with a set of arbitrary boxes
with low density, the complete input set will have low slicing number.

We will do the analysis bottom-up, ¯rst analysing the query time in 1-
dimensional subtrees,then in 2-dimensionalsubtrees,then in 3-dimensional
subtrees. We will denotethe subtreewe are analyzing by T , and its de¯ning
regionby R(T ). The subtreerooted at a nodeº is denotedby Tº . Sometimes
we will speak of the de¯ning region R(º ) of a node º , which is simply the
de¯ning region R(Tº ) of its subtree.

Before we proceedwe state a lemma that we will needat various occa-
sions.

Lemma 2.1 Let T be a d-dimensional LSF-interval-tree and let C be a
k-dimensional cube, with 1 · k · d · 3. Then there are only O(logk¡ 1 n)
d-nodesin T whosede¯ning regionsare disjoint and intersect opposite facets
of C.

Pro of: The d-nodesin an LSF-interval tree basically form a d-dimensional
longest-side-¯rst kd-tree. Hence,the result follows from Lemma 6.6 in Dun-
can's thesis [6]. This lemma is only stated for the casek = d, but the proof
holds for k < d as well. ¤

2.2.1 1-dimensional subtrees

In a 1-dimensional subtree T , the de¯ning region R(T ) is a line segment
that intersects all input boxes stored in T . The worst-casequery time in
T depends on the relation of R(T ) to the query range. In particular, we
distinguish three cases,depending on how many of the two axis-parallel
planescontaining R(T ) intersect Q² .

Case 1: Tw o planes containing R(T ) in tersect Q² . This caseis illus-
trated in Fig. 2. Parts (a) and (b) of the ¯gure correspond to part (i) in the
lemma below, part (c) to part (ii).
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Figure 2: Two planescontaining the line segment R(T ) intersect Q² .

Lemma 2.2 Let T be a 1-LSF-interval tree storing n boxes. Supposewe
query T with a box Q such that both axis-parallel planescontaining R(T )
intersect Q² .

(i) If the axis-parallel projection of Q² onto the line containing R(T )
contains at least one endpoint of R(T ), we visit O(k² (T )) nodes.

(ii) Otherwise, we visit O(log n + k² (T )) nodes.

Pro of: Since both axis-parallel planes containing R(T ) intersect Q² , we
know that R(T ) itself must intersect Q² . Hence, an (input or bounding)
box b stored in T intersectsQ² if and only if b\ R(T ) intersectsQ² \ R(T).
We can therefore analysethe query time in this caseas if the situation were
completely 1-dimensional, that is, as if T were a 1-tree storing segments on
a line, which is queried with a segment on the sameline. An analysisof this
case,proving the lemma, can be found in the paper by Agarwal et al. [1]. ¤

Case 2: One plane containing R(T ) in tersects Q² . This caseis illus-
trated in Fig. 3. Part (a) of the ¯gure corresponds to part (i) in the lemma
below, parts (b) and (c) to part (ii).

Lemma 2.3 Let T be a 1-LSF-interval tree storing n boxes with stabbing
number ¾. Supposewe query T with a box Q such that one axis-parallel
plane containing R(T ) intersectsQ² .

(i) If the axis-parallel projection of Q² onto the line containing R(T )
contains R(T ) completely, then we visit O(k² (T )) nodes.

(ii) Otherwise, we visit O(log n + ¾+ k² (T )) nodes.
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Figure 3: One plane containing the line segment R(T ) intersectsQ² .

Figure 4: No plane containing the line segment R(T ) intersectsQ² .

Pro of: Let g be the axis-parallel plane containing R(T ) and intersecting
Q² . For any (input or bounding) box bstored in T , we know that b intersects
Q² if and only if b\ g intersectsQ² \ g. We can therefore analysethe query
time in this caseas if the situation were completely 2-dimensional, that is,
as if T were a 1-tree storing rectanglesin the plane, which is queried with a
rectangle in the plane. An analysis of this case,proving the lemma, can be
found in the paper by Agarwal et al. [1]. ¤

Case 3: No plane containing R(T ) in tersects Q² . In the analysis of
this casewe will take into account how much of the query range is `within
reach' of the tree. More precisely, consider the intersection of R(T ) with
the projection of Q² on the line containing R(T ). We denote by CQ(T ) the
length of this intersection divided by the length of the longestedgeof Q|see
Fig. 4. In the next subsectionwe will sum the bound for several di®erent
disjoint subtreesT , and then we will use the fact that their CQ(T )-values
sum up to at most 1 + 2².

Figure 4 illustrates the casesthat arise in the next lemma, with part (a)
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Figure 5: a. A shield on a de¯ning region parallel to the primary axis. |
b. Arrangement of cubesintersectedby shieldson a de¯ning region parallel
to a secondaryaxis.

of the ¯gure corresponding to part (i) of the lemma, and parts (b) and (c)
corresponding to part (ii).

Lemma 2.4 Let T be a 1-LSF-interval tree storing n boxes with slicing
number ¸ . Suppose we query T with a box Q such that no axis-parallel
plane containing R(T ) intersectsQ² .

(i) If the axis-parallel projection of Q² onto the line containing R(T )
contains R(T ) completely, then we visit CQ(T ) ¢O(¸=² ) + O(¸ ) nodes.

(ii) Otherwise, we visit O(log n + ¸=² ) nodes.

Pro of: Sincethe maximum degreeof each node is nine, the number of
visited leaf nodesis at most nine times the number of visited internal nodes.
Hence, we can restrict our attention to bounding the latter number. Let
Q² denote the axis-parallel projection of Q² onto the line containing R(T ),
and let R := Q² \ R(T ). Let º be a visited internal node of T , and let
b(º ) be its bounding box. We distinguish two cases:b(º ) \ R(T ) ½ R, and
b(º ) \ R(T ) 6½R. We claim that the number of nodesto which the ¯rst case
applies is CQ(T ) ¢O(¸=² ) + O(¸ ), and that the number of nodes to which
the secondcaseapplies is O(¾+ logn), where ¾is the stabbing number of
the boxes stored in the tree. Note that in part (i) of the lemma the second
casecannot arise. Together with the fact that ¸ ¸ ¾and CQ(T ) · 1 + 2²,
this meansthat proving the claim above will establish the lemma.

We ¯rst bound the number of nodes for which b(º ) \ R(T ) 6½R, since
this is the easiercase. Let º be such a node. Sinceb(º ) \ R(T ) cannot be
disjoint from R|otherwise b(º ) would not intersect Q and º would not be
visited|it follows that b(º ) must contain an endpoint p of R. Now there
are two possibilities.
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One is that R(º ), the de¯ning region of º , is a line segment containing p.
Sincethe de¯ning regionsof 1-nodesat a ¯xed level of the tree are disjoint
and the depth of the tree is O(log n), there are only O(log n) such nodes.

The other possibility is that R(º ) is a point. But then the priorit y leaf
immediately below º storing the box extending farthest into the direction
of p must contain p. We charge the visit of º to this leaf. Sincea leaf gets
chargedonly from its parent, and there are at most ¾input boxescontaining
any given point, there are at most 2¾such nodes.

Thus we ¯nd a bound of O(log n + ¾) = O(log n + ¸ ) for the caseof
b(º ) \ R(T ) 6½R.

Now consider the nodes º such that b(º ) \ R(T ) ½ R. We shall charge
the visit of º to a certain priorit y leaf directly below it, called a shield. Each
shield will be charged at most once,namely from its parent. Bounding the
maximum number of shieldswill then prove this part of the claim.

We start by de¯ning the shields. Recall that the primary axis of Sx |the
axis parallel to the longest edgesof the boxes in Sx |is the x-axis. Since
the two remaining (secondary) axes play equivalent roles, we can assume
that the y-axis is not parallel to R(T ). Let us also assumew.l.o.g. that
the y-coordinate of R(T ) is smaller than the smallest y-coordinate of Q.
A shield is now de¯ned as a priorit y leaf whosecorresponding input box b
extends into the positive y-direction from R(T ) over a distance of at least
²w. That is, if ymax (b) is the maximum y-coordinate of b and y(R(T )) is the
y-coordinate of R(T ), then b is a shield if ymax (b) ¡ y(R(T )) ¸ ²w.

We now argue that each visited internal node º for which it holds that
b(º ) \ R(T ) ½ R, has at least one shield as a child. Indeed, since none of
the two axis-parallel planescontaining R(T ) intersectsQ² , the y-distanceof
R(T ) and Q must be at least ²w. This meansthat the bounding box of º
must extend over a distanceat least ²w into the y-direction from R(T ), oth-
erwiseº would not be visited. Hence,the input box extending farthest into
the y-direction, extends that far; the priorit y leaf directly below º storing
this box is a shield.

It remains to bound the number of shields. We consider two subcases.
The ¯rst subcaseis that R(T ) is parallel to the x-axis, as in Fig. 5a.

In this casethe length of any box in Sx along R(T ) is at least its length
in any other direction. In particular, a shield will cover a portion of R
of length at least ²w. Since no point is contained in more than ¾ input
boxes, there can be at most ¾¢length(R)=(²w) shieldsin this case.Because
length(R) = CQ(T ) ¢w by de¯nition, the number of shields is bounded by
¾¢CQ(T )=².
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Figure 6: The plane containing the rectangle R(T ) intersectsQ² .

The secondsubcaseis that R(T ) is parallel to the z-axis|see Fig. 5b.
In this case,a shield must extend over a distance of at least ²w upwards
from R(T ) and over a distance of at least ²w=2 into either the positive of
negativex-direction from R(T ). Now imaginea line-up of d2CQ(T )=²ecubes
of size²w=2 whoselower right edgestogether cover Q's projection on R(T ).
Add a copy of this line-up shifted right over a distance of ²w=2, so that
in the secondline-up, the lower left edgestogether cover Q's projection|
seeFig. 5b. Since a shield extends away from R(T ) in both orthogonal
directions over a distancegreater than the sizeof the cubesin the line-up, it
must intersect the four edgesparallel to R(T ) of at least oneof thesecubes.
Since the slicing number of the input boxes is at most ¸ , there can be at
most 2¸ d2CQ(T )=²e · 2¸ + 4CQ(T )¸=² shields in this case.

Using ¸ ¸ ¾, we concludethat the bounds for both subcasesare within
O(¸ ) + CQ(T ) ¢O(¸=² ), which ¯nishes the proof of our claim. ¤

2.2.2 2-dimensional subtrees

Let T be a 2-dimensional subtree. As before, it will be useful to take into
account how much of the query range'sboundary is `within reach' of the tree.
More precisely, considerthe edgesof Q² 's projection on the plane containing
R(T ). Denote by CQ(T ) the sum of the lengths of the intersectionsof these
edgeswith R(T ), divided by w, the length of the longest edgeof the query
range.

We distinguish two cases,depending on whether or not the plane con-
taining the 2-dimensionalde¯ning region R(T ) intersectsQ² .

Case 1: The plane containing R(T ) in tersects Q² . This caseis illus-
trated in Fig. 6. Parts (a) and (b) of the ¯gure correspond to case(i) in the
lemma below, part (c) to case(ii), and part (d) to case(iii).
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Lemma 2.5 Let T be a 2-LSF-interval tree storing n boxes with stabbing
number ¾. Supposewe query T with a box Q such that the plane containing
R(T ) intersectsthe extendedquery rangeQ² . Let Q² denotethe intersection
of Q² with the plane containing R(T ).

(i) If at most one edge of Q² intersects R(T ), then we visit O(k² (T ))
nodes.

(ii) If two opposite edges,and no other edges,of Q² intersect R(T ), then
we visit O(log2 n + k² (T )) + CQ(T ) ¢O((log2 n)=²) nodes.

(iii) Otherwise we visit O((log2 n)=² + ¾logn + k² (T )) nodes.

Pro of: First we observe that the longest edgeof Q² has length (1 + 2²)w
and that its shortest edgehas length at least 2²w. Hence, the aspect ratio
of Q² and the aspect ratio of Q² are at most 1 + 1=(2²).

Since R(T ) intersects Q² , we know for any (input or bounding) box b
stored in T that b intersectsQ² if and only if b\ R(T ) intersectsQ² \ R(T).
We can therefore analysethe query time in this caseas if the situation were
completely 2-dimensional, that is, as if T were a 2-tree storing rectangles
in the plane, which is queried with Q² . Since Q² has aspect ratio at most
1+ 1=(2²), parts (i) and (iii) of the lemma now immediately follow from the
results by Agarwal et al. [1].

For part (ii), we needa bit more re¯ned analysis. Considerthe collection
N of all visited 2-nodes º in T whosede¯ning region R(º ) intersects two
opposite edgesof Q² , and no other edges.This collection forms a subgraph
G(N ) of T , which is a tree rooted at the root of T . We shall ¯rst bound the
number of nodes in N , and then the number of visited descendants.

To bound the number of nodes in N , we cover Q² with at most d®e
squareswith side length (1 + 2²)w=®, where ® · 1 + 1=(2²) is the aspect
ratio of Q² . From a bound on the number of nodesintersecting thesesquares,
we can derive a bound on the number of nodes in N as follows. At most
®CQ(T )+ 1 of the squaresintersectR(T ). Now considera nodeº 2 N . Since
R(º ) intersectstwo opposite sidesof Q² , it intersectstwo opposite sidesof at
least one of the ®CQ(T ) + 1 squaresusedto cover Q² \ R(T ). Observe that
the leavesof G(N )|that is, the nodesthat have no children in N ; they need
not be leavesof T |ha ve disjoint de¯ning regions. Lemma 2.1 implies that
the number of such leavesis O(log n)+ CQ(T )¢O(®logn). If we include their
ancestorsin the count, we obtain a bound of O(log2 n) + CQ(T ) ¢O(®log2 n)
on the number of nodes in N .
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Figure 7: ¹ is a 1-node whose de¯ning region cuts a 2-node intersecting
opposite edgesof Q² , that is: opposite facets of Q² .

It remainsto bound the number of descendants of the nodesin N . These
are organized into subtreeswhoseroots are children of nodes in N and are
not in N themselves. Consider such a root node ¹ . Let pa(¹ ) 2 N be the
parent of ¹ . There are three cases.

² The ¯rst caseis that ¹ is a 2-node. In this caseR(¹ ) intersectsat most
one edgeof Q² , as in part (i) of the lemma; if it would intersect two
opposite edgesit would be in N , and the casewhere a vertex of Q²
lies in R(¹ ) cannot occur when we are handling part (ii) of the lemma.
The total number of visited nodes of T¹ is O(k² (T¹ )) by part (i) of
the lemma. Summing over all nodes ¹ thus givesus a total bound of
O(k² (T )) for thesesubtrees.

² The secondcaseis that the root is a 1-node ¹ and R(¹ ) cuts R(pa(¹ ))
such that pa(¹ ) has two children in N |see Fig. 7 case(a).

The number of nodesof degreetwo in G(N ) is no morethan the number
of leavesin G(N ), sothere can be at most O(log n)+ CQ(T )¢O(®logn)
such nodes ¹ . Lemma 2.2(ii) states that the query time in each such
tree is O(log n + k² (T¹ )), so the total query time in these trees is
O(log2 n + k² (T )) + CQ(T ) ¢O(®log2 n).

² The third caseis that the root is a 1-node ¹ , whereR(¹ ) cuts R(pa(¹ ))
such that pa(¹ ) has at most one child in N |see Fig. 7 case(b).

Now R(¹ ) must lie completely inside the projection of Q² onto the line
containing R(¹ ). Lemma's 2.2(i) and 2.3(i) state that the query time
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Figure 8: The plane containing the rectangle R(T ) is disjoint from Q² .

in each tree rooted at such a node is O(k² (T¹ )). Since the number of
such nodesis asymptotically boundedby the sizeof N , the total query
time in these1-trees is O(log2 n + k² (T )) + CQ(T ) ¢O(®log2 n).

In total, we ¯nd a bound of O(log2 n + k² (T )) + CQ(T ) ¢O(®log2 n). With
® · 1 + 1=(2²), this provespart (ii) of the lemma. ¤

Case 2: The plane containing R(T ) does not in tersect Q² . This
caseis illustrated in Fig. 8. Part (a) of the ¯gure corresponds to case(i) in
the lemma below, parts (b) and (c) to case(ii), and part (d) to case(iii).

Lemma 2.6 Let T be a 2-LSF-interval tree storing n boxes with slicing
number ¸ . Supposewe query T with a box Q such that the plane containing
R(T ) does not intersect Q² . Let Q² denote the axis-parallel projection of
Q² onto the plane containing R(T ).

(i) If Q² contains R(T ) completely, then we visit O(k² (T )) nodes.

(ii) If R(T ) intersectsat least one edgebut no vertex of Q² , then we visit
O(¸ log2 n + k² (T )) + CQ(T ) ¢O(¸ log2 n=²) nodes.

(iii) Otherwise we visit O(¸ log2 n=² + k² (T )) nodes.

Pro of: (i) Without lossof generality, supposeR(T ) is horizontal and lies
below Q. Then every node visited in T must have a descendant which raises
high enoughto intersect Q. In particular, there is a priorit y leaf immediately
below this node that storesan input box intersecting Q. We can charge the
visit to this node to the priorit y leaf. Since there are at most k² (T ) such
priorit y leavesand each of them is chargedat most once,the bound follows.
(ii) We can distinguish two typesof visited nodes.

The ¯rst type of nodesare 2-nodeswhosede¯ning regionslie completely
inside Q² and descendants of such nodes. Here a similar argument as in the
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Figure 9: Covering Q² n Q with squares.

proof of part (i) applies: any such node has a priorit y leaf below it that
intersectsQ² , so there are only O(k² (T )) such nodes.

The secondtypeof nodesare the remaining ones. Let N be the collection
of all remaining visited 2-nodes. For any node º 2 N , we know that R(º )
intersects the complement of Q² as well as Q, the projection of Q onto the
plane containing R(T ).

To bound the number of nodes in N we cover Q² n Q using at most
4(d1=²e+ 1) squareswith side length ²w, which are contained in Q² n Q|
seeFig. 9. For any node º 2 N we have that R(º ) intersects two opposite
edgesof at least oneof thesesquares.SinceR(º ) ½ R(T ) and R(T ) doesnot
contain a vertex of Q² , we can restrict our attention to squaresthat are used
to cover two opposite `sides'of Q² n Q and that intersect R(T ). Hence,the
number of squareswe have to consider is at most 2dCQ(T )=²e. As before,
we observe that the nodesof N form a subgraph G(N ) of T , which is a tree
whoseleaveshave disjoint de¯ning regions. Hence,by Lemma 2.1 there are
O(log n) + CQ(T ) ¢O(log n=²) leaves in G(N ). If we include their ancestors
in the count, we ¯nd a bound of O(log2 n) + CQ(T ) ¢O(log2 n=²) on the
number of nodes in N .

It remains to bound the number of descendants of nodes in N . The
descendants are organizedinto subtreeswhoseroots are children of nodesin
N and are not in N themselves. Considersuch a root node º . Let pa(¹ ) 2 N
be the parent of ¹ . There are three cases.

² The ¯rst caseis that ¹ is a 2-node. But then ¹ must be of the ¯rst
type|its de¯ning region must lie completely inside Q² |so we already
counted thesenodesand their descendants earlier.

² The secondcaseis that ¹ is a 1-node and R(¹ ) cuts R(pa(¹ )) in such
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a way that pa(¹ ) has two children in N .

The analysis for this case is done the same as in the proof of
Lemma 2.5(ii), now referring to Lemma 2.3 instead of Lemma 2.2.

Sincethe number of nodesof degreetwo in G(N ) is at most its number
of leaves, there can be at most O(log n) + CQ(T ) ¢O(log n=²) such
nodes ¹ . Lemma 2.3(ii) states that the query time in each such tree
is O(log n + ¾+ k² (T¹ )), so the total query time in thesetrees is

O(log2 n + ¾logn + k² (T )) + CQ(T ) ¢O(log2 n=² + ¾logn=²):

(Note that the k² terms always add up to O(k² (T )).)

² The remaining caseis that ¹ is a 1-node and pa(¹ ) is cut by R(¹ ) such
that it has at most one child in N .

Now R(¹ ) lies completely inside the projection of Q² onto the line
containing R(¹ ). Lemma 2.4(i) and Lemma 2.3(i) state that the query
time in such treesis O(¸ )+ CQ(T¹ )¢O(¸=² ) and O(k² (T¹ )), respectively.
The number of nodes to which this applies is clearly bounded by the
number of nodesin N , which is O(log2 n)+ CQ(T )¢O(log2 n=²). Hence,
the total query time in these1-trees is

O(¸ log2 n + k² (T )) + CQ(T ) ¢O(¸ log2 n=²) +
X

CQ(T¹ ) ¢O(¸=² );

where the sum is over all 1-nodes ¹ that are a child of a node in N
and are such that R(¹ ) lies completely inside the projection of Q² onto
the line containing R(¹ ). Note that each point of an edgeof Q² lies in
O(log n) de¯ning regionsof 2-nodes(oneper level), so

P
º 2 N CQ(Tº ) =

O(log n)CQ(T ). The samebound holds if we sum over the 1-nodes ¹
that are children of nodesin N . Hence,we ¯nd a total query time for
this caseof O(¸ log2 n + k² (T )) + CQ(T ) ¢O(¸ log2 n=²).

Putting the tree casestogether, and using ¾· ¸ , we ¯nd an overall bound
of O(¸ log2 n + k² (T )) + CQ(T ) ¢O(¸ log2 n=²).

(iii) We can distinguish three typesof visited nodes: the two typesthat
were also considered in the proof of part (ii), and a third type, namely
2-nodescontaining a corner of Q and their descendant 1-nodesand 0-nodes.

The number of nodesof the ¯rst two typescanbeboundedasin the proof
of part (ii). Using that CQ(T ) · 4(1+ 2²), we get a bound of O(¸ log2 n=² +
k² (T )) for thesetypes. As for the third type, we note that there are O(log n)
2-nodes containing a corner of Q. If ¹ is a 1-node that is a child of such a
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node, then the query time in T¹ is O(log n + ¾+ k² (T )) or O(log n + ¸=² )
by Lemma 2.3 or Lemma 2.4, respectively, sowe have O(log2 n + ¸ logn=² +
k² (T )) nodesof the third type. ¤

2.2.3 3-dimensional trees

Finally we can prove our main result.

Theorem 2.7 Let T be a 3-LSF-interval tree storing n boxes with
slicing number ¸ . Then a query in T with a box Q will visit
O(min0<² · 1f (1=²)((1=²) + ¸ ) log4 n + k²g) nodes, where k² is the number
of boxes intersecting the extended range Q² .

Pro of: Fix an arbitrary 0 < ² · 1. As observed before, it su±ces to
bound the number of visited internal nodes. Thesecan be partitioned into
four categories,namely 3-nodesº such that R(º ) intersects:

(i) at most one facet of Q² ,

(ii) more than one facet of Q² , but none of its edges,

(iii) at least one edgeof Q² , but none of its vertices,

(iv) at least one vertex of Q² ,

where each category also includes the descendant 2-nodes, 1-nodes and 0-
nodesof the 3-nodes. We will now treat thesecasesone by one.

(i) 3-Nodes º such that R(º ) intersects at most one facet of Q² , plus
their descendant 2-nodes, 1-nodes, and 0-nodes. Any such node must have
a priorit y leaf directly below it that storesa box intersecting Q² . Hence,the
total number of nodes in this category is O(k² ).

(ii) 3-Nodes º such that R(º ) intersects more than one facet of Q² but
none of its edges,plus their descendant 2-nodes, 1-nodes, and 0-nodes.

Let N be the collection of 3-nodesin this category, and let G(N ) be the
subgraph of T formed by thesenodes. G(N ) is a forest of trees.

To bound the number of nodesin N , we cover Q² by O(1=²2) cubesthat
are contained in Q² and are asbig as the smallestedgesof Q² | seeFig. 10.
Any node in N must intersect opposite facetsof at least one of thesecubes.
Becausethe leaves of G(N ) have disjoint de¯ning regions, their number is
bounded by O((1=²2) log2 n) by Lemma 2.1. The total number of nodes in
N is therefore bounded by O((1=²2) log3 n).
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Figure 10: Covering Q² with O(1=²2) cubes.

Figure 11: 3d-nodes that intersect more than one facet of Q² , but none of
its edges.

It remains to bound the number of descendant 2-nodes, 1-nodes, and
0-nodes of the nodes in N . These are organized in subtrees whose roots
are children of nodes in N . Let ¹ be such a root and let pa(¹ ) 2 N be its
parent. There are two cases,as illustrated in Fig. 11.

² R(¹ ) cuts R(pa(¹ )) in such a way that pa(¹ ) has two children in N |
seecase(a) in Fig. 11.

Since the number of nodes of degreetwo in G(N ) is bounded by the
number of leaves in N , there are only O((1=²2) log2 n) such roots.
Lemma 2.5(ii) states that the query time in each subtree rooted at
such a node is O(log2 n + k² (T¹ )) + CQ(T¹ ) ¢O((log2 n)=²), so the total
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query time in thesesubtreesis

O((1=²2) log4 n + k² ) +
X

¹

CQ(T¹ ) ¢O((log2 n)=²);

where the sum is over all 2-nodes¹ in the current category such that
R(T¹ ) cuts opposite facets of Q² .

We proceed to bound
P

¹ CQ(T¹ ). To simplify the discussion, let's
assumethat the de¯ning regions R(¹ ) and R(pa(¹ )) cut the top and
bottom facet of Q² , as in Fig. 11, casea. Then for each node ¹ we
have that CQ(T¹ )w is the length of R(¹ ) asseenfrom above. Note that
R(pa(¹ )) has height at least 2²w, becausethe height of Q² is at least
that much. Therefore, the length of the horizontal edgesof R(pa(¹ ))
orthogonal to R(¹ ) is at least 2²w as well, otherwise R(pa(¹ )) would
have been cut by a horizontal plane. Cover the top facet of Q² by
O(1=²2) squaresof sidelength ²w. SinceR(pa(¹ )) hashorizontal edges
of length at least 2²w, it must intersect opposite sidesof at least one
such squares. If this happensfor m 2-nodes¹ , then there are at least
m disjoint de¯ning regionsof 3-nodesthat intersect opposite sidesof s.
Lemma 2.1 tells us that s is cut by O(log n) disjoint de¯ning regions.
Hence,the total length within s of all regionsR(¹ ) asseenfrom above
is O(²w logn). Summedover all squareswe ¯nd that the total length
of all regionsR(¹ ) as seenfrom above is O((w=²) logn). This implies
that

P
¹ CQ(T¹ ) = O((1=²) logn). It follows that the total number of

nodesfor this caseis O((1=²2) log4 n + k² (T )).

² R(T ) cuts R(pa(¹ )) such that pa(¹ ) has at most one child in N |see
case(b) in Fig. 11.

In this caseR(¹ ) lies completely inside the projection of Q² onto the
plane containing R(¹ ). Lemma's 2.6(i) and 2.5(i) state that the num-
ber of visited nodes in each such tree is O(k² (T¹ )), which adds up to
O(k² (T )).

In total, there are O((log4 n)=²2 + k² ) nodes in this category.

(iii) 3-Nodesº such that R(º ) intersects at least one edgeof Q² but does
not contain one of its vertices, plus their descendant 2-nodes, 1-nodes, and
0-nodes.

In this caseR(º ) must intersect an edgee² of Q² and the corresponding
edgee of Q (the edgewith both endpoints lying at an L 1 -distanceof ²w from
e² ), otherwise º would not be visited. For each pair e;e² of corresponding
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Figure 12: Covering an edgeof Q with O(1=²) cubes.

Figure 13: 3d-nodesthat intersect an edgeof Q² , but none of its vertices.

edges,we take a set of O(1=²) cubesof size²w, such that each cube has an
edgecontained in e and the opposite edgecontained in e² , and such that
together they cover e completely | seeFig. 12. Let N be the collection of
3-nodesin the current category, and let G(N ) be the subgraph of T formed
by thesenodes. G(N ) is a forest of trees.

Any 3-node in N must intersect opposite edgesof a facet of at least one
of thesecubes. Summing over the facets of all cubesand using Lemma 2.1
again, we ¯nd that there are only O(log n=²) leaves in G(N ) and, hence,
O(log2 n=²) 3-nodes in N in total.

The descendant 2-nodes,1-nodes,and 0-nodesare organizedin subtrees
rooted at 2-nodes¹ with a node pa(¹ ) in N as parent. We distinguish two
cases,as illustrated in Fig. 13.
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² For the subtreesrooted at node ¹ such that pa(¹ ) has two children in
N (case(a) in Fig. 13), we can apply Lemma 2.5(iii) to ¯nd a bound
of O(log2 n=² + ¾logn + k² (T¹ )) for each subtree. Sincethe number of
such nodesis boundedby the number of leavesin G(N ) we get a total
of O(log3 n=²2 + ¾log2 n=² + k² ) nodes.

² For the other subtrees,of which there are O(log2 n=²), we apply Lem-
mas2.5(i) and (ii) (case(b1) in Fig. 13) and Lemma 2.6(ii) (case(b2))
to ¯nd a total bound for all such subtreesof

O(¸ log4 n=² + k² ) +
X

CQ(T¹ ) ¢O(¸ log2 n=²):

Becauseany point in 3-spacelies in at most O(log n) de¯ning regions
of 3-nodes,

P
CQ(T¹ ) = O((1 + 2²) logn) and we get a bound of

O(¸ log4 n=² + k² ).

In total, the number of nodes in this category is O((1=² + ¸ ) log4 n=² + k² ).

(iv) 3-Nodes º such that R(º ) contains at least one vertex of Q² , plus
their descendant 2-nodes, 1-nodesand 0-nodes.

At most O(log n) 3-nodescan contain a vertex of Q² . By Lemma 2.6(iii)
each of them may have a 2-subtreeT with query time O(¸ log2 n=² + k² (T )),
leading to a total of O(¸ log3 n=² + k² ) visited nodes in this category.

Sincethe number of visited nodesof each category is within the claimed
bound, this provesthe theorem. ¤

Remark 2.8 If the query range has bounded aspect ratio, then
it can be shown that the number of visited nodes reduces to
O(min0<² · 1f (¸=² ) log4 n + k²g).

2.3 Pip es and low-densit y scenes

Our research is motivated by the MOLOG project [9], where we need to
perform collision checking in CAD models of industrial installations such
as in Fig. 1. Let S be the set of bounding boxes in the given scene. For
the analysis we assumethat S can be partitioned into two subsetsSP and
SD , such that SP is a set of pipes and SD forms a low-density scene [4, 11].
Theseconceptsare de¯ned as follows.

De¯nition 2.9 Let b be a 3-dimensionalaxis-parallel box, and considerits
length in x-, y-, and z-direction. The box b is called a ¯ -pipe if the shortest
of thesethree lengths is at most ¯ times shorter than the shortest-but-one.
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Next we de¯ne the density of a scene,specialized to sets of boxes. (The
original de¯nition by van der Stappen and Overmars [11] usesballs instead
of cubes,but this is equivalent up to a constant.)

De¯nition 2.10 A set B of boxes in 3-spacehas density ± if the following
holds: any cube C is intersectedby at most ± boxes from B whoselongest
edgeis longer than the edgelength of C.

Recall that the stabbing number of a set of boxesis de¯ned asthe maximum
number of boxes with a non-empty intersection. Next we show that low-
density setsand setsof pipeswith low stabbing number alsohave low slicing
number, which meansthat wecanusethe analysisof the previoussubsection.

Lemma 2.11 Let S = SP [ SD be a set of boxes in 3-spacesuch that SP

is a set of ¯ -pipeswith stabbing number ¾and SD has density ±. Then the
slicing number of S is at most (¯ + 2)¾+ ±.

Pro of: Let C be a cube of edgelength c. Since a box that slicesC has
edgelength at least c, the set SD has slicing number at most ±.

It remains to bound the number of pipesslicing C. A pipe slicing C has
to occupy a volume of at least c £ c £ c=¯ = c3=¯ in the cube, unless it
contains one of the six sidesof the cube completely. In the latter case,the
pipe has to contain either the top-right-back corner or the bottom-left-fron t
corner of C, so there are at most 2¾ such pipes. To bound the number of
pipesin the former case,we observe that the total volume of the intersection
of the pipes with C is at most ¾c3. Therefore, the total number of boxes
slicing the cube is at most ±+ 2¾+ ¾c3=(c3=¯ ) = ±+ (¯ + 2)¾. ¤

By putting together Lemma 2.11 and Theorem 2.7, we get the following
corollary.

Corollary 2.12 Let S = SP [ SD be a set of boxes in 3-spacesuch that
SP is a set of ¯ -pipeswith stabbing number ¾and SD has density ±. There
is a box-tree for S such that the number of nodesvisited by a range query
with a query box Q is O(min0<² · 1f (1=²)((1=²) + ¸ ) log4 n + k²g), where
¸ = ± + (¯ + 2)¾ and k² is the number of boxes intersecting the extended
range Q² .

2.4 Analysis for other typ es of ranges

In the previous sections we assumedthat the query range Q is an axis-
parallel box. In this section we will generalize our results to constant-
complexity ranges of arbitrary shape. A 3D query range is said to have
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constant complexity if its boundary consists of a constant number of al-
gebraic surface patches of constant maximum degree, which are in turn
bounded by a constant number of curves of constant maximum degree. In
the analysiswe only needthe restriction that @Q, the boundary of Q, has a
constant number of local extrema in any orthogonal cross-section,which is
a condition ful¯lled by the constant-complexity requirement.

We ¯rst prove a generaltheorem, stating that an LSF-interval tree with
good query complexity for approximate range queries with boxes also has
good query complexity for approximate rangequerieswith other shapes. To
this end we de¯ne a node º to be chargeable with respect to a given range
if all input boxes stored in Tº intersect that range, or if º has a child with
this property. Nodesfor which this is not the caseare unchargeable.

Theorem 2.13 Let T be a d-dimensionalbox-tree on a set of n boxes,with
d 2 f 2; 3g. Supposethat, for any 0 < ² · 1, a query with a box B visits
O(f (n; ²)) nodes that are unchargeablewith respect to the extended query
box B ² . Then a range query with a constant-complexity range Q visits
O(min0<² · 1f (1=²)d¡ 1f (n; 1) + k²g) nodes of T , where k² is the number of
objects intersecting the ²-extendedquery range Q² .

Pro of: We ¯rst prove the theorem for d = 2.
Fix any 0 < ² · 1. We claim that we can cover @Q by O(1=²) squares

of edgelength ²w=3, where w is the diameter of Q (as was also shown for
convex rangesby Ary a and Mount [3]). To seethis, considera regular grid
whosecells have size ²w=3. Then @Q will intersect only O(1=²) grid cells,
becausefor any two adjacent cells intersectedby a connectedportion of @Q
the following holds: either they contain a local extremum of @Q, or the
length of the portion of @Q within the cells is at least ²w=3. Sincethe total
length of @Q is O(w), only O(1=²) grid cells can contain a portion of @Q of
sizeO(²w).

Now considera query with a rangeQ. The number of visited nodesthat
are chargeablewith respect to Q² is clearly O(k² ). Any visited unchargeable
node must have a bounding box that intersectsat least oneof the squaresin
the covering of @Q. To bound the number of such nodes,considera square
s in the covering. De¯ne its extended squares²0 as the set of points within
L 1 -distance ²0²w=3 from s. The boundary of the extendedsquarehas edge
length (1 + 2²0)²w=3 and intersects @Q, so even for ²0 as large as 1, it is
fully contained in Q² . Hence, any node that is unchargeablewith respect
to Q² is unchargeablewith respect to s²0 for ²0 = 1. The number of nodes
º such that b(º ) intersects s and that are unchargeablewith respect to s²0
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is O(f (n; ²0)). Summing over all squaress and plugging in ²0 = 1, we get a
bound of O((1=²)f (n; 1)) on the number of unchargeablenodes.

Hence,the total number of visited nodesis boundedby O((1=²)f (n; 1)+
k² ), as claimed.

The proof for d = 3 is similar. We start by covering @Q by cubesof edge
length ²w=3, where w is the diameter of Q. We claim that @Q intersects
O(1=²2) cells of a regular grid with cells of the required size. Indeed, any
intersectedcell must have an intersectedfacet, sowe can bound the number
of intersected cells by summing the number of intersected facets over all
O(1=²) grid planes intersecting Q. Since@Q consistsof a constant number
of algebraicsurfacepatchesof constant maximum degree,which are in turn
bounded by a constant number of curvesof constant maximum degree,the
samemust hold for the intersection of @Q with a grid plane. Therefore, at
most O(1=²) facetscan be intersectedin each grid plane, and it follows that
Q can be covered using O(1=²2) cubes of the required size. From here we
can follow the proof for the cased = 2. ¤

The analysis of the previous section shows that in all bounds derived
there, the O(k² ) term on the number of visited internal nodes is caused
solely by nodeswith a priorit y leaf as a child that storesa box intersecting
the extendedquery range. Such nodesare chargeable,so Theorem 2.13and
Corollary 2.12 together imply the following result.

Corollary 2.14 Let S = SP [ SD be a set of boxesin 3-spacesuch that SP

is a set of ¯ -pipeswith stabbing number ¾and SD hasdensity ±. There is a
box-tree for S such that the number of nodesvisited by a range query with
a constant-complexity range Q is O(min 0<² · 1f (¸=² 2) log4 n + k²g), where
¸ = ± + (¯ + 2)¾ and k² is the number of boxes intersecting the extended
range Q² .

Remark 2.15 The dependency on ² that we get is better by a factor of
O(1=²) than what Dickersonet al. [5] and Ary a and Mount [3] get for queries
with non-convex query rangesin point sets. Applying Theorem 2.13to their
structure, however, improves the dependency on ² by a factor of O(1=²),
leading to the samedependencyas we get.

3 The BBD-in terv al tree

The bounding-volume hierarchy of the previous section is based on the
longest-side-¯rst kd-tree. It turns out that we can improve the results if
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we basethe bounding-volume hierarchy on the so-calledBBD-tree by Ary a
et al. [3]. The resulting hierarchy is somewhat unorthodox, however, as it
usesnon-convex bounding volumes.

De¯ne a donut to be the set-theoretic di®erenceof two boxes,one being
contained in the other. That is, a donut is de¯ned as R+ n R¡ , where R+

and R¡ are boxesand R¡ ½ R+ . The inner box R¡ may be empty, in which
casea donut is simply a box. The inner box may also touch the boundary
of the outer box, in which casea degeneratetype of donut results. It is
not allowed to split the outer box, that is, R+ n R¡ should be connected.
A bounding donut of a set of objects is a donut R+ n R¡ that contains all
objects and whoseouter box R+ is the bounding box of the set. A donut
tree for a set of objects is a bounding-volume hierarchy that usesbounding
donuts.

Like a kd-tree, the BBD-tree by Ary a et al. is a tree representing a
recursive decomposition of space. Unlike in a kd-tree, however, the regions
corresponding to the nodesof a BBD-tree are not boxes| they are donuts.
It is possibleto construct a donut tree on a set of boxes using a BBD-tree
in a similar way as one can construct a box-tree from a kd-tree. The main
advantage is that BBD-trees have a stronger `packing property' than kd-
trees: whereasin a longest-side-¯rst kd-tree there can be O(logd¡ 1 n) nodes
whoseregionsare disjoint and intersect opposite facetsof a cube, there can
be only O(1) such nodesin a BBD-tree [3]. This is the main reasonthat we
can show the following result.

Theorem 3.1 Let S be a set of boxes in 3-spacewith slicing number ¸ .
There exists a donut-tree for S such that a query with a query box Q visits
O(min0<² · 1f log3 n + (¸=² ) log2 n + (¸=² 2) logn + k²g) nodes,wherek² is the
number of boxes intersecting the extended range Q² .

This theorem can also be combined with Theorem 2.13 to get the fol-
lowing result:

Corollary 3.2 Let S be a set of boxes in 3-spacewith slicing number ¸ .
There existsa donut-tree for S such that a query with a constant-complexity
range Q visits O(min0<² · 1f (1=²2) log3 n + (¸=² 2) log2 n + k²g) nodes,where
k² is the number of boxes intersecting the extended range Q² .

Becausethe details of the construction of the donut-tree and the analysis
of its performance are similar to those of the LSF-interval tree, but still
rather technical, we defer the details to Appendix A.
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4 Concluding remarks

We have developed a new algorithm to construct box-trees, and analyzedits
performancefor approximate range querieswhen the input is a low-density
scenecombined with (almost) disjoint pipes. We proved that in such a
setting|whic h was motivated by the need to perform collision checking in
CAD models of industrial installations|one can achieve polylogarithmic
query times. This is in sharp contrast with the ­( n2=3 + k) lower bound for
the query time in box-trees for arbitrary input proved by Agarwal et al. [1].
Our bounds almost match the best known bounds for range queries using
box-trees in the much simper caseof point data.

The assumptionswe usein the analysiscannot be relaxed much further.
In particular, we can give a lower bound construction showing that it is
not possibleto achieve polylogarithmic performancefor box-trees when the
input is uncluttered [4] instead of having low-density, even for approximate
queries.

Our results can be used to perform ²-approximate nearest-neighbor
searching, using the techniques described for instance in Duncan's the-
sis [6]. Thus, for input scenessatisfying the requirements above, ap-
proximate nearest-neighbor queries take time O((¸=² 2)(log4 n)(log ¸ +
log(1=²) + log logn)) in our LSF-interval-tree, or O(((1=²2) log3 n +
(¸=² 2) log2 n)(log ¸ + log(1=²) + log logn)) in our BBD-in terval-tree. (Note
that for nearest-neighbor searching, ² is given as part of the query.)

In our future work we plan to investigate the performance of box-
trees experimentally . We want to ¯ne-tune our algorithm for constructing
box-trees|in particular, we want to investigate whether the use of prior-
it y leaves, which are so convenient in the theoretical analysis, pays o® in
practice|and we want to compareit to existing heuristics.
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A BBD-In terv al-T rees

A.1 The construction of BBD-in terv al-trees

The concept of BBD-trees can serve as a basis for BBD-in terval-trees, just
like kd-trees with longest-side-¯rst splitting can be used to construct LSF-
interval trees. The construction algorithm is very similar to that for LSF-
interval-trees. It will produce trees whose nodes have degreemore than
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nine|but still O(1). Conversion to a binary tree can easily be done and
doesnot a®ectthe bounds.

First, we divide the set of input boxes S into three oriented subsetsSx ,
Sy and Sz, aswith LSF-interval-trees. We build a 3-BBD-interval-tree, that
is, a BBD-in terval tree whosede¯ning region is 3-dimensional, for each of
the oriented subsetsseparately, and combine them only at the top level.

A 3-BBD-interval-tree is now constructed as follows. We ¯rst build a 3-
dimensional BBD-tree on the vertices of the input boxes. Then we convert
the BBD-tree into a BBD-in terval-tree in a top-down manner, as described
below. Note that each node º in the BBD-tree represents a donut-shaped
cell, which is the set-theoreticdi®erenceof an outer box R+ (º ) and a possibly
empty inner box R¡ (º ).

Starting with the root and the set Sx (or Sy , or Sz), we handle each
node º as follows. From now on, let S be the set of boxes to be stored in
the subtree rooted at º .

1. If S is empty, the subtree rooted at º can be ignored: it has no cor-
responding nodes in the BBD-in terval-tree. Otherwise, we make a
corresponding node º 0 in the BBD-in terval-tree, in which we store a
bounding donut b(S) n R¡ (º ), where b(S) is the bounding box of S.
Note that b(S) ½ R+ (º ). In the analysis, the BBD-tree cell associated
with º will be referred to as the de¯ning region R(º 0) of º 0.

2. For each of the six directions + x, ¡ x, + y, ¡ y, + z, and ¡ z we take the
box in S extending farthest in that direction. Each of these at most
six boxesis stored in a separateleaf, called a priority leaf, immediately
below the subtree's root node º 0. Let S0 denote the set of remaining
boxes in S.

3. In the BBD-tree, the region R+ (º ) n R¡ (º ) corresponding to node º
is split into two subregionswith a splitting surface. This is either a
rectangleor a box; in the latter casethe box always contains the inner
box R¡ (º ). Let R1 and R2 be the two resulting subregions;they are
the regionscorresponding to the children º 1 and º 2 in the BBD-tree.
De¯ne S1 to be the subsetof boxes in S that lie completely inside R1,
de¯ne S2 to be the subsetof boxes that lie completely inside R2, and
de¯ne S£ to be the subsetof boxesthat intersect the splitting surface.

² We construct one subtree for º 0 by recursively calling the proce-
dure with child º 1 and subsetS1.
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² We construct another subtree for º 0 by recursively calling the
procedurewith child º 2 and subsetS2.

² The set S£ is handled as follows. In the LSF-interval tree, we
could construct a 2-dimensional LSF-interval tree for the com-
plete set S£ , but now we needto be more careful.
First of all, we needto ensurethat any bounding donut that may
be constructed when handling a subset of S£ is contained fully
inside the region R+ (º ) n R¡ (º ). To this end, we ¯rst partition
S£ into six subsetssuch that the bounding box of each subset is
disjoint from R¡ (º ). This is possiblebecauseeach box in S£ can
be separatedfrom R¡ (º ) by a plane through oneof the six facets
of R¡ (º ).
Consider one subset, let's call it eS, of the resulting six subsets.
If the splitting surface is a rectangle r , we simply store eS in a
2-dimensionalBBD-in terval tree with r as de¯ning region.
If the splitting surface is a box b, we proceed as follows. We
cannot only construct a 2-BBD-interval tree for each facet f of b,
becausethe intersectionof a box in eS with a®(f ) neednot be fully
contained in f . Hence,we construct twenty-six subtrees: one for
each vertex of b, onefor each edgeof b, and onefor each facet of b.
If a box in eS contains oneor more verticesof b, it is stored in the
subtree constructed for one of these vertices (it doesn't matter
which one); if it does not contain a vertex but intersects one or
more edges,it is stored in the subtreeconstructed for oneof these
edges;otherwise it is stored in the subtree onstructed for one of
the facets. Note that this meansthat a 3-node in a BBD-in terval
tree can have not only 3-nodesand 2-nodes,but also1-nodesand
0-nodesas direct children.

It remainsto describe the construction of d-BBD-in terval-treesfor d < 3.
2-BBD-interval-treesare built like 3-BBD-interval-trees,except that the

underlying BBD-tree is a 2-dimensional tree subdividing a rectangle r in-
stead of a 3-dimensional bounding box. Note that the bounding donuts
stored in a 2-BBD-interval-tree are still 3-dimensional: the 2-dimensional
de¯ning regions are extended in the third dimension just enough to ¯t the
3-dimensionalboxesstored in the corresponding subtree. Priorit y leavesare
still created for both directions in all three dimensions.

1-BBD-interval-trees and 0-BBD-interval-trees are constructed just like
LSF-interval-trees: there is nothing to be gained from using donuts here.
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A.2 Analysis for range searching with boxes

The following lemma results from the packing constraints proven for the
original BBD-tree by Ary a et al. [3]:

Lemma A.1 Let T be a d-dimensional BBD-in terval-tree and let C be a
k-dimensional cube, with 1 · k · d · 3. Then there are only O(1) d-nodes
in T whosede¯ning regionsare disjoint and intersect opposite facets of C.

The analysis for searching with boxes in BBD-in terval trees now resem-
bles the analysis for LSF-interval trees very much. The essential di®erences
we have to take into account are the following.

First, wherever the analysis of a LSF-interval trees refers to Lemma 2.1
for the fact that only O(log n) or O(log2 n) disjoint cells can intersect oppo-
site sidesof a square or cube, respectively, an analysis for a BBD-in terval
tree would refer to Lemma A.1 for the fact that only O(1) disjoint cells can
intersect opposite sidesof a squareor cube.

Second,the donut-shaped nodes intro duce additional casesin the anal-
ysis.

We will now show how to derive the bounds for the BBD-in terval-trees.
The readerwill be assumedto be familiar with the analysisof LSF-interval-
trees, so we will not explain all arguments and notation in full detail any-
more. Since 1-BBD-interval trees are the sameas 1-LSF-interval trees, we
start with the analysis of 2-BBD-interval-trees.

A.2.1 2-dimensional subtrees

We distinguish two cases,depending on whether or not the plane containing
the 2-dimensionalde¯ning region R(T ) intersectsQ² .

Case 1: The plane containing R(T ) in tersects Q² .

Lemma A.2 Let T be a 2-BBD-interval tree storing n boxeswith stabbing
number ¾. Supposewe query T with a range Q such that the plane con-
taining R(T ) intersects Q² . Let Q² denote the intersection of Q² with the
plane containing R(T ).

(i) If no edgeof Q² intersectsR(T ), then we visit O(k² (T )) nodes.

(ii) If no vertex of Q² lies in R(T ), then we visit O(log n+ k² (T )) + CQ(T ) ¢
O((log n)=²) nodes.
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(iii) In all cases|that is, there might be a vertex of Q² lying inside R(T )|
we visit O(log2 n + (1=² + ¾) logn + k² (T )) nodes.

Pro of: As observed before, it su±ces to bound the number of visited
internal nodes.

(i) In this case,R(T ) must lie completely inside Q² , otherwise T would
not be visited at all. The bound follows trivially .

(ii) We can distinguish two kinds of visited nodes: those in 2-subtrees
whosede¯ning regionslie completely inside Q² , and thosein 2-subtrees
whosede¯ning regions intersect the boundary of Q² .

For the ¯rst type, the same argument as in part (i) of the Lemma
applies; their number is bounded by O(k² (T )).

Let N be the collection of all remaining visited 2-nodes,and G(N ) be
the subgraph of T formed by those nodes. We bound the number of
leavesin G(N ) by the sameargument asin the proof of Lemma2.6,now
referring to Lemma A.1 instead of Lemma 2.1. The number of leaves
in G(N ) is therefore boundedby O(1) + CQ(T ) ¢O(1=²), and the total
number of nodesin N is bounded by O(log n) + CQ(T ) ¢O((log n)=²).

It remains to bound the number of descendants of the nodes in N .
These are organized in subtreeswhoseroots are children of nodes in
N and are not in N themselves. Consider such a root node ¹ , and let
pa(¹ ) be its parent. There are four cases.

case1: ¹ is a 2-node. Then ¹ must either lie completely inside Q² , in
which casewe already counted it, or completely outside Q² , in which
caseit is not visited. So we can ignore this case.

case 2: ¹ is a 1-node and a®(R(¹ )) cuts Q² . If R(¹ ) itself does not
cut any edgeof Q² , it lies either inside or outside Q² and the number
of nodes visited is trivially bounded by O(k² (T¹ )). Otherwise, if one
or two edgesof Q² are cut, we know by Lemma 2.2 that the number of
nodesvisited in T¹ is boundedby O(log n + k² (T¹ )). Note that in this
caseR(¹ ) cuts R(pa(¹ )) in such a way that pa(¹ ) has two children
in N , so the number of such nodes ¹ is bounded by the number of
leaves in G(N ), which is O(1) + CQ(T ) ¢O(1=²). Hence, the total
number of nodes visited in subtreesrooted at such nodes ¹ must be
O(log n + k² (T )) + CQ(T ) ¢O((log n)=²).

case 3: ¹ is a 1-node and a®(R(¹ )) does not cut Q² . This implies
that R(¹ ) lies `next to Q² ', on a line parallel to the closest edge of
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Q² . In principle, R(¹ ) could contain the projection of a vertex of Q²
on a®(R(¹ )). But in that case, the vertex should have to lie inside
the inner box of R(pa(¹ )), since we are in case(ii) of the Lemma.
By the construction of the 1-subtrees, there must then be a plane
through oneof the facetsof the inner box which separatesthe bounding
box of all boxes in T¹ from the inner box, and thus, also from Q² .
Hence,the subtreerooted at ¹ will bevisited only if R(¹ ) is completely
contained in the projection of Q² on a®(R(¹ )). Therefore, we can
apply Lemma 2.3(i) and ¯nd that the number of nodesvisited in T¹ is
O(k² (T¹ )). Hence,the total number of nodesvisited in subtreesrooted
at such nodes¹ is O(k² (T )).

case4: ¹ is a 0-node. Similar to case3, either there must be a plane
that separatesthe bounding box of T¹ from Q² (so that T¹ is not
visited at all), or there must be an axis-parallel line through R(¹ )
that intersectsQ² . Then, any node visited in T¹ must have a priorit y
leaf directly below it that stores a box intersecting Q² . Hence, the
total number of nodesvisited in such subtreesis O(k² (T )).

In total, we ¯nd the claimed bound of O(log n + k² (T )) + CQ(T ) ¢
O((log n)=²).

(iii) We can distinguish three types of visited nodes: the two types that
werealso consideredin the proof of part (i) and (ii), and a third type,
namely 2-nodescontaining a cornerof Q² and their descendant 1-nodes
and 0-nodes.

The number of nodes of the ¯rst two types can be bounded as in
the proof of part (ii). As for the third type, we note that there are
O(log n) 2-nodescontaining a corner of Q² . If ¹ is a 0-node or 1-node
that is a child of such a node, then the query time in T¹ is bounded to
O(log n + ¾+ k² (T¹ )) by Lemmas 2.2 and 2.3). This leads to a total
of O(log2 n + ¾logn + k² (T )). Using CQ(T ) · 4 + 8², we get a ¯nal
bound of O(log2 n + (1=² + ¾) logn + k² (T )).

¤

Case 2: The plane containing R(T ) does not necessarily in tersect
Q² .

Lemma A.3 Let T be a 2-BBD-interval tree storing n boxes with slicing
number ¸ . Let Q² denote the projection of Q² onto the plane containing
R(T ).
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(i) If no edgeof Q² intersectsR(T ), then we visit O(k² (T )) nodes.

(ii) If no vertex of Q² intersectsR(T ), then we visit O(¸ logn + k² (T )) +
CQ(T ) ¢O((¸ logn)=²) nodes.

(iii) In all cases| that is, there might be a vertex of Q² lying inside R(T )
| we visit O(log2 n + (¸ logn)=² + k² (T )) nodes.

Pro of:

(i) In this case,R(T ) must lie completely inside Q² , otherwise T would
not be visited at all. Using the priorit y leaves as with LSF-interval-
trees, we ¯nd a bound of O(k² (T )).

(ii) This caseis handled basically as in the proof of Lemma A.2(ii), now
referring to Lemma2.4 insteadof Lemma2.3and to Lemma2.3 instead
of Lemma 2.2.

Again, we will worry only about 2-nodesvisited that are not addressed
by part (i) of the lemma, and their descendants. Let N be the collec-
tion of such 2-nodes,and G(N ) be the subgraph of T formed by those
nodes. The number of leaves in G(N ) is O(1) + CQ(T ) ¢O(1=²), and
the total number of nodes in N is O(log n) + CQ(T ) ¢O((log n)=²).

The descendants of the nodes in N are organized in subtrees whose
roots arechildren of nodesin N and arenot in N themselves. Consider
such a root node ¹ , and let pa(¹ ) be its parent.

case1: ¹ is a 2-node. As before, this casecan be ignored.

case2: ¹ is a 1-node and a®(R(¹ )) cuts Q² . If R(¹ ) itself doesnot cut
any edgeof Q² , it lies either inside or outside Q² and the number of
nodesvisited is boundedby O(k² (T¹ )). Otherwise, if oneor two edges
of Q² are cut, we know by Lemma 2.3(ii) that the number of nodes
visited in T¹ is bounded by O(log n + ¾+ k² (T¹ )). Note that in this
caseR(¹ ) cuts R(pa(¹ )) in such a way that pa(¹ ) has two children
in N , so the number of such nodes ¹ is bounded by the number of
leaves in G(N ), which is O(1) + CQ(T ) ¢O(1=²). Hence, the total
number of nodes visited in subtreesrooted at such nodes ¹ must be
O(log n + ¾+ k² (T )) + CQ(T ) ¢O((log n)=² + ¾=²).

case3: ¹ is a 1-node and a®(R(¹ )) doesnot cut Q² . This implies that
R(¹ ) lies `next to Q² ', on a line parallel to the closestedgeof Q² . As
explained in the proof of Lemma A.2, we may assumethat R(¹ ) does
not contain the projection of a vertex of Q² on a®(R(¹ )). Therefore,
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we can apply Lemma 2.4(i) and ¯nd that the number of nodesvisited
in T¹ is O(¸ ) + CQ(T¹ ) ¢O(¸=² ). As in the proof of Lemma 2.6, we can
use the fact that the number of such nodes ¹ is bounded by jN j and
that

P
f ¹ jpa(¹ )2 N g CQ(T¹ ) = O(log n)CQ(T ). Hence, we ¯nd a total

query time for this caseof O(¸ logn) + CQ(T ) ¢O(¸ (log n)=²).

case4: ¹ is a 0-node. Clearly, the total asymptotic query time in the
subtrees rooted at such nodes cannot be worse than the number of
boxesstored in such trees, which is O(jN j ¢¾) = O(¾logn) + CQ(T ) ¢
O(¾(log n)=²).

Using ¾· ¸ , we ¯nd an overall bound of O(¸ logn + k² (T )) + CQ(T ) ¢
O(¸ (log n)=²).

(iii) Again, we can distinguish between the types of nodes that were also
considered in the proof of part (ii), and another type, namely the
2-nodes containing a corner of Q² and their descendant 1-nodes and
0-nodes.

The number of nodesof the ¯rst typescan be boundedas in the proof
of part (ii), using that CQ(T ) · 4+ 8². As for the other type, we note
that there are O(log n) 2-nodes containing a corner of Q² . If ¹ is a
0-node or 1-node that is a child of such a node, then the query time
in T¹ is bounded to O(log n + ¸=² + k² (T¹ )) by Lemmas 2.3 and 2.4.
This leadsto a total of O(log2 n + ¸ (log n)=² + k² (T )).

¤

A.2.2 3-dimensional trees

Theorem A.4 Let T be a 3-BBD-interval tree storing n boxeswith slicing
number ¸ and let ² be any positive real number. Then a query in T with
a range Q will visit O(min0<² · 1f log3 n + (¸=² ) log2 n + (¸=² 2) logn + k²g)
nodes,where k² is the number of boxes intersecting the extendedrange Q² .

Pro of: As observed before, it su±ces to bound the number of visited
internal nodes.

There is a one-to-onecorrespondencebetween facets of Q and facets of
Q² , between edgesof Q and edgesof Q² , and between vertices of Q and
vertices of Q² . Suppose that the de¯ning region of a node º intersects a
face f ² of Q² but not the corresponding face f of Q. Then f ² and f must
be separated by a plane through a boundary facet of R(º ). If this is a
plane through a facet of R+ (º ), the node must lie completely outside Q and
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will not be visited. If it is a plane through a facet of R¡ (º ), then for each
child of º that is a 0-node, 1-node or 2-node intersecting f ² , the plane that
separatesit from R¡ (º ) will alsoseparateit from Q, soit will not be visited.
Therefore, when discussingboundson the query time in 0-nodes,1-nodesor
2-nodeswhich are visited, we may assumethat whenever a facet f ² of Q² is
intersected, the corresponding facet f of Q is intersectedas well.

The internal nodesvisited can now be partitioned into four categories.

² 3-nodesº such that R(º ) intersectsno facetof Q² , and their descendant
2-nodes,1-nodesand 0-nodes.

In this caseR(º ) must lie completely inside Q² , otherwiseº would not
be visited at all. A bound of O(k² ) on the number of such nodesand
their descendants follows trivially .

² 3-nodesº such that R(º ) intersectsat least one facet of Q² , but none
of its edges,and their descendant 2-nodes,1-nodesand 0-nodes.

Let N be the collection of all 3-nodes in this category, and G(N ) be
the subgraph of T formed by those nodes. We bound the number of
leaves in G(N ) by a similar argument as in the proof of Theorem 2.7,
part (iii), now covering Q² n Q with O(1=²2) cubes and referring to
Lemma A.1 instead of Lemma 2.1. The number of leaves in G(N ) is
therefore bounded by O(1=²2), and the total number of nodesin N is
bounded by O((log n)=²2).

It remains to bound the number of visited nodes in the 2-subtrees,
1-subtreesand 0-subtreesrooted at the children of the nodes in N .
Let ¹ be such a root child and let pa(¹ ) 2 N be its parent. There are
six cases.

case 1: ¹ is a 2-node and a®(R(¹ )) intersects Q² . If R(¹ ) does
not intersect any facet of Q² , it lies either inside Q² or outside Q
and the number of nodes visited is trivially bounded by O(k² (T¹ )).
Otherwise, if one or two facets of Q² are intersected, we know by
Lemma A.2(ii) that the number of nodes visited in T¹ is bounded
by O(log n + k² (T¹ )) + CQ(T¹ ) ¢O((log n)=²). Note that in this case
R(¹ ) cuts R(pa(¹ )) in such a way that pa(¹ ) has two children in
N , so the number of such nodes ¹ is bounded by the number of
leaves in G(N ), which is O(1=²2). Hence, the total number of nodes
visited in subtrees rooted at such nodes ¹ is O((log n)=²2 + k² ) +P

f ¹ jpa(¹ )2 N g CQ(T¹ )O((log n)=²).
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We proceed to bound
P

¹ CQ(T¹ ). To simplify the discussion, let's
assumethat the de¯ning regionsR(¹ ) and R(pa(¹ )) intersect the top
facet of Q² . As explained above, we may assumethat they intersect
the top facet of Q as well. We can bound

P
¹ CQ(T¹ ) as follows. For

each node ¹ we have that CQ(T¹ )w is the length of R(¹ ) as seenfrom
above. The de¯ning regionsR(¹ ) cut the top facet of Q² into a number
of cells. Since these cuts intersect the top facets of both Q² and Q,
they must haveheight at least ²w. Wenow usethe property that BBD-
trees have fat donuts. In particular, if the inner box doesnot touch a
given facet of the outer box of a donut, then the distance betweenthe
inner box and the facet is not smaller than the size of the inner box.
Hence, parallel cuts of height at least ²w cannot be arbitrarily close
together | in fact, the total length of the cuts through any £( ²w)
sizesquareof the top facet of Q² must be O(²w). The top facet of Q²

can be covered by O(1=²2) squaresof size £( ²w), so the total lengthP
¹ CQ(T¹ )w is O(1=²w), and

P
¹ CQ(T¹ ) is O(1=²).

With this, we ¯nd a total bound of O((log n)=²2 + k² ) for this case.

case 2: ¹ is a 2-node and a®(R(¹ )) does not intersect Q² . This im-
plies that R(¹ ) lies `next to Q² ', on a plane parallel to the closest
facet of Q² . Following a similar argument as in the analysis of case
3 in Lemma A.2(ii), we conclude that R(¹ ) does not intersect the
projection of any edge of Q² on a®(R(¹ )). Therefore, we can ap-
ply Lemma A.3(i) and ¯nd that the number of nodes visited in T¹ is
O(k² (T¹ )). Hence, the total number of nodesvisited is O(k² ) for this
case.

case 3: ¹ is a 1-node and a®(R(¹ )) intersects Q² . If R(¹ ) does not
intersect any facet of Q² , it lies either inside Q² or outside Q and the
number of nodesvisited is boundedby O(k² (T¹ )). If oneor two facets
of Q² are intersected, we know by Lemma 2.2(ii) that the number of
nodes visited in T¹ is bounded by O(log n + k² (T¹ )). Note that in
this caseR(¹ ) must be (part of) an edge of a box-shaped cut that
cuts R(pa(¹ )) in such a way that pa(¹ ) has two children in N , so the
number of such nodes¹ is bounded by the number of leaves in G(N ),
which is O(1=²2). Hence,the total number of nodesvisited in subtrees
rooted at such nodes¹ is O((log n)=²2 + k² ).

case4: ¹ is a 1-node and only oneaxis-parallel plane containing R(¹ )
intersectsQ² . Consider the projection of Q² on the other axis-parallel
plane containing R(¹ ). Following a similar argument asin the analysis
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of case3 in Lemma A.2(ii), we concludethat R(¹ ) doesnot intersect
any edgeof this projection, and therefore, R(¹ ) doesnot contain any
vertex of the projection of Q² on a®(R(¹ )). Therefore, we can ap-
ply Lemma 2.3(i) and ¯nd that the number of nodes visited in T¹ is
O(k² (T¹ )). Hence, the total number of nodesvisited is O(k² ) for this
case.

case 5: ¹ is a 1-node and both axis-parallel planes containing R(¹ ))
are disjoint from Q² . Consider the edgee of Q² which is parallel to
R(¹ ) and closestto a®(R(¹ )). SinceR(pa(¹ )) doesnot intersect any
edgeof Q² by de¯nition, e must intersect its inner box R¡ (pa(¹ )). By
the construction of the 1-subtrees,there must be a plane through one
of the facetsof the inner box which separatesthe bounding box of all
boxes in T¹ from the inner box, and thus, also from Q² . Therefore,
such subtreesT¹ are not visited at all.

case6: ¹ is a 0-node. Clearly, the total asymptotic query time in the
subtrees rooted at such nodes cannot be worse than the number of
boxes stored in such trees, which is O(jN j ¢¾) = O(¾(log n)=²2).

² 3-nodesº such that R(º ) intersectsat least one edgeof Q² , but none
of its vertices, and their descendant 2-nodes,1-nodesand 0-nodes.

Let N be the collection of all 3-nodes in this category, and G(N ) be
the subgraph of T formed by those nodes. We bound the number of
leavesin G(N ) by the sameargument as in the proof of Theorem 2.7,
part (iii), now referring to Lemma A.1 instead of Lemma 2.1. The
number of leaves in G(N ) is therefore bounded by O(1=²), and the
total number of nodes in N is bounded by O((log n)=²).

It remains to bound the number of visited nodes in the 2-subtrees,
1-subtreesand 0-subtreesrooted at the children of the nodes in N .
Let ¹ be such a root child and let pa(¹ ) 2 N be its parent. There are
four cases.

case 1: ¹ is a 2-node and a®(R(¹ )) intersects Q² . If R(¹ ) does not
intersect any facet of Q² , it lies either inside Q² or outside Q and the
number of nodesvisited is trivially bounded by O(k² (T¹ )).

Otherwise, if R(¹ ) is (part of) a cut that divides pa(¹ ) such that it
has two children in N , we know by Lemma A.2(iii) that the number of
nodesvisited in T¹ is bounded by O(log2 n + (1=² + ¾) logn + k² (T¹ )).
Since the number of such cuts is bounded by the number of leaves in
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G(N ), the total number of nodes visited in subtrees rooted at such
nodes¹ is O((log2 n)=² + (log n)=²2 + (¾logn)=² + k² ).

The remaining subcaseis that R(¹ ) is part of a cut such that pa(¹ )
hasonechild in G(N ) and onechild piercing a facet (that is: onechild
in N as de¯ned in the category handled above). By Lemma A.2(ii)
we know that the number of nodes visited in each such tree T¹ is
O(log n+ k² (T¹ )) + CQ(T¹ )¢O((log n)=²). From the analysisof case1 in
the previous categorywe know that

P
¹ CQ(T¹ ) is O(1=²), and we ¯nd

that the total number of nodesvisited for this subcasecan be bounded
by jN jO(log n) +

P
¹ k² (T¹ ) +

P
¹ CQ(T¹ )(log n)=²) = O((log2 n)=² +

(log n)=²2 + k² ).

In total, we obtain a bound of O((log2 n)=²+ (log n)=²2 + (¾logn)=²+
k² ) for this case.

case 2: ¹ is a 2-node and a®(R(¹ )) does not intersect Q² . This im-
plies that R(¹ ) lies `next to Q² ', on a plane which is parallel to the
closest facet of Q² . Following a similar argument as in the analysis
of case3 in Lemma A.2(ii), we conclude that R(¹ ) does not inter-
sect the projection of any vertex of Q² on a®(R(¹ )). Therefore, we
can apply Lemma A.3(ii) and ¯nd that the number of nodes visited
in T¹ is O(¸ logn + k² (T¹ )) + CQ(T¹ ) ¢O(¸ (log n)=²). Becauseany
point on an edgeof Q² lies in at most O(log n) de¯ning regions of 3-
nodes, it holds that

P
¹ CQ(T¹ ) = O((1 + 2²) logn) and we get a total

bound of jN jO(¸ logn) + O(
P

¹ k² (T¹ )) +
P

¹ CQ(T¹ ) ¢O(¸ (log n)=²) =
O((¸ log2 n)=² + k² ) for this case.

case 3: ¹ is a 1-node. In the worst-case, the query time in each
subtree T¹ is O(log n + ¸=² ) (Lemma 2.4). Therefore, the total query
time for this case is at most jN j ¢O(log n + ¸=² ) +

P
O(k² (T¹ )) =

O((log2 n)=² + (¸ logn)=²2 + k² ).

case4: ¹ is a 0-node. Clearly, the total asymptotic query time in the
subtrees rooted at such nodes cannot be worse than the number of
boxes stored in such trees, which is O(jN j ¢¾) = O(¾(log n)=²).

² 3-nodesº such that R(º ) intersectsat least onevertex of Q² , and their
descendant 2-nodes,1-nodesand 0-nodesnot included in the previous
categories.

At most O(log n) 3-nodes can contain a vertex of Q² . Each of them
may have O(1) 2-subtreeswith query time O(log2 n + (¸ logn)=² +
k² (Tº )) each (by Lemma A.3(iii)), O(1) 1-subtreeswith query time
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O(log n + ¸=² ) each in the worst case(Lemma 2.4(ii)) and O(1) 0-
subtreeswhosequery times are trivially bounded by O(¾) each. This
leads to a total of O(log3 n + (¸ log2 n)=² + k² ) visited nodes in this
category.

Since the number of visited nodes of each category is within the bound
claimed, this provesthe theorem. ¤
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