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Abstract. Given aset S of n points in the plane, we define a Manhattan Network
on S as a rectilinear network G with the property that for every pair of points in
S, the network GG contains the shortest rectilinear path between them. A Minimum
Manhattan Network on S is a Manhattan network of minimum possible length. A
Manhattan network can be thought of as a graph G = (V, E), where the vertex set
V' corresponds to points from S and a set of Steiner points S’, and the edges in F
correspond to horizontal or vertical line segments connecting points in S U S’. A
Manhattan network can also be thought of as a 1-spanner (for the Li-metric) for
the points in 5.

Let R be an algorithm that produces a rectangulation of a staircase polygon in
time R(n) of weight at most r times the optimal. We design an O(nlogn + R(n))
time algorithm which, given a set S of n points in the plane, produces a Manhattan
network on S with total weight at most 4r times that of a minimum Manhattan
network. Using known rectangulation algorithms, this gives us an O(n?)-time al-
gorithm with approximation factor four, and an O(nlogn)-time algorithm with
approximation factor eight.

CR Classification: F.2.2,1.3.5

Key words: computational geometry, approximation algorithms, spanners

1. Introduction

A rectilinear path connecting two points in the plane is a path consisting of
only horizontal and vertical line segments. A rectilinear path of minimum
possible length connecting two points will be referred to as a Manhattan path,
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where the length of a rectilinear path is equal to the sum of the lengths of its
horizontal and vertical line segments. Manhattan paths are monotonic. The
Manhattan distance (or Li-distance) between two points in the plane is the
length of the Manhattan path connecting them. In this paper we introduce
the concept of geometric networks that guarantee Manhattan paths between
every pair of points from a given set of points.

Consider a input set S of points in the plane. A geometric network on
S can be modeled as an undirected graph G = (V, E). The vertex set V
corresponds to the points in SUS’, where S’ is a set of newly added Steiner
points; the edge set F corresponds to line segments joining points in S U S”.
If all the line segments are either horizontal or vertical, then the network is
called a rectilinear geometric network. Each edge e = (a,b) € E has length
le| that is defined as the Euclidean distance |ab| between its two endpoints
a and b. The total length of a set of edges is simply the sum of the lengths
of the edges in that set. The total length of a network G(V, F') is denoted
by |E|. For p,q € S, a pg-path in G is a path in G between p and q.

For a given set S of n points in the plane, we define a Manhattan Network
on S as a rectilinear geometric network GG with the property that for every
pair of points p, ¢€S, the network GG contains a Manhattan pg-path connect-
ing them. A Minimum Manhattan Network on S is a Manhattan network
of minimum length.

The complete grid on the point set .S is clearly a Manhattan network.
In other words, the network obtained by drawing a horizontal line and a
vertical line through every point in S and by considering only the portion
of the grid inside the bounding box of S is a network that includes the
Manhattan path between every pair of points in 5. It is easy to show that
the minimum Manhattan network on S need not be unique and that the
complete grid on the point set S can have total weight O(n) times that of a
minimum Manhattan network on the same point set.
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Fig. 1: (a) A set of input points, (b) A Manhattan network, and (c¢) A minimum Man-
hattan network.

Fig. 1b and ¢ above show examples of a Manhattan network and a mini-
mum Manhattan network on the same set of points. In fact, the network in
Fig. 1b is also a complete grid on the input points.
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Many VLSI circuit design applications require that a given set of terminals
in the plane must be connected by networks of small total length. Rectilinear
Steiner minimum trees were studied in this context. Manhattan networks
impose additional constraints on the distance between the terminals in the
network. The concept of Manhattan networks seems to be a rather natural
concept; it is surprising that this concept has not been previously studied.

Manhattan networks are also closely connected to the concept of spanners.
Given a set S of n points in the plane, and a real number ¢ > 1, we say
that a geometric network G is a t-spanner for S for the Lp-norm, if for
each pair of points p,¢ € S, there exists a pg-path in G of length at most
t times the Lp-distance between p and ¢. In this connection, a minimum
Manhattan network can be thought of as a sparsest 1-spanner for S for
the Li-norm, assuming that Steiner points are allowed to be added. The
distance between two points in the plane, p = (ps,py) and ¢ = (¢, qy), in
some Ly-metric is defined as (|p — ¢.|° + |py, — qy|b)1/b. The concept of 1-
spanners are also interesting since they represent the network with the most
stringent distance constraints. However, note that the sparsest l-spanner
for S in the Ly-norm (for b > 2) is the trivial complete graph on S. It is also
interesting to note that a Manhattan network can be thought of as a v/2-
spanner (with Steiner points) for the Ly norm. Although complete graphs
represent ideal communication networks, they are expensive to build; sparse
spanners represent low cost alternatives. The weight of the spanner network
is a measure of its sparseness; other sparseness measures include the number
of edges, maximum degree and the number of Steiner points. Spanners have
applications in network design, robotics, distributed algorithms, and many
other areas, and have been a subject of considerable research [Althdfer et
al. 1993, Arya et al. 1995, Chandra et al. 1995, Das and Narasimhan 1997,
Levcopoulos et al. 1998]. More recently, spanners have found applications in
the design of approximation algorithms for problems such as the traveling
salesperson problem [Arora et al. 1998, Rao and Smith 1998].

In this paper we present an algorithm that produces a Manhattan net-
work for a given set S of n points in the plane. The total weight of the
network output by the algorithm is within a constant factor of the minimum
Manhattan network. It is interesting to note that in this paper we reduce
the problem of computing an approximate minimum Manhattan network to
the problem of finding a minimum-weight rectangulation of a set of staircase
polygons. If the rectangulation algorithm runs in time O(R(n)) and pro-
duces a rectangulation that is within a factor r of the optimal, our algorithm
will produce a Manhattan network of total weight 4r times the weight of a
minimum Manhattan network in time O(nlogn 4+ R(n)). Using two known
approximation algorithms for the minimum-weight rectangulation problem,
we obtain two algorithms for the approximate minimum Manhattan network
problem. The first algorithm runs in O(n?) time and produces a Manhattan
network of total weight at most four times that of a minimum Manhattan
network. The second algorithm runs in O(nlogn) time and has an approx-
imation factor of eight. It is unknown whether the problem of computing
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the minimum Manhattan network is a NP-hard problem. It is also unknown
whether a polynomial-time approximation scheme exists for this problem.

A noteworthy feature of our result is that unlike most of the results on
t-spanners, we compare the output of our algorithm to that of minimum
Manhattan networks and our results involve small constants (4 or 8). Most
results on sparse t-spanners prove weight bounds that compare it to the
length of a minimum spanning tree; the constants involved in those results
are usually very large.

In Section 3, we present the approximation algorithm. In Section 3.1 we
prove that the algorithm produces a Manhattan network; in Section 3.2 we
prove that the network produced is of weight at most 4r x| F,,|, where F,
is the set of edges in a minimum Manhattan network on 5.

2. Definitions

Let w and v be two points in 5, where u lies to the left of and above v. A
L-path between u and v is a rectilinear path consisting of one vertical line
segment with upper endpoint at w, and one horizontal line segment with
right endpoint at v. Note that such a path is a minimum-weight, minimum-
link path connecting # and v. The ™-path is defined in a similar fashion, as
shown in Fig. 2. If u lies to the left of and below v, we define a J-path and
a "-path in a similar fashion. Note that each of the four paths described
above introduces one Steiner point at the bend. We will denote by [v, u] the
closed region described by a rectilinear rectangle with corners in v and wu.
The coordinates of a vertex v € S are denoted v.z respectively v.y.

u I u 0—1
v v
Fig. 2: (left) An -path, and (right) an T-path.

If two different edges of the graph intersect, we will assume that their
intersection defines a Steiner point.

3. The approximation algorithm

In this section we present an approximation algorithm to construct a
Manhattan network ¢ = (V, ) of small total length. The algorithm will
construct the edge set in four independent steps. In each step, for each ver-
tex, the algorithm constructs a (possibly empty) local network connecting
that vertex to a set of chosen “neighboring” vertices. The local network
is constructed by a call to the subroutine RECTANGULATE that produces a
rectangulation of a simple rectilinear polygon, i.e., it outputs a set of edges
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that partitions the input polygon into rectangles. The rectangulation will
be explained in more detail in Section 4. Since the four steps are almost
symmetrical, the first step is explained in more detail than the later steps.
We need the following definition.

DEFINITION 1. Let vy,...,v, be a set of vertices such that v,y lies above
and to the right of v;, 1 <1 < m. The staircase polygon obtained by adding
a u-path between vy and v,,, and "-paths between v; and v;yy, as shown in
Fig. 3¢, will be referred to as the C'-hull of the set of vertices {vy,..., vy}
The C-hull is defined symmetrically if viyq lies above and to the left of v;,
below and to the right of v; or below and to the left of v;.

Now we are ready to state the algorithm.

(1) Sweep the points in S from left to right. As shown in Fig. 3a, for
each point v € S let By(v) be the set of points such that for every
point v’ € Bq(v) it holds that v is the leftmost point below and not
to the left of v’ (if several, take bottommost). We say that o' I-
belongs to v. Let vy,...,v, be the vertices in By(v) ordered from
left to right, as shown in Fig. 3b. For completeness we describe the
construction of the point sets. Let py, ..., p, be the points in .S ordered
from left to right. The algorithm processes the points from left to
right. Assume that we are to process p; € S. During the sweep
we maintain a list where the encountered points, not belonging to
any of the sets By (p1),..., Bi(pj—1), are ordered according to their
y-coordinate (from bottom to top). The algorithm now performs a
linear search through the list until a point that does not belong to
By (p;) is found. The points that belong to By(p;) are removed from
the list and p; is inserted into the list. From this it follows that the
construction of these sets takes linear time plus the time needed for
sorting the points. Hence, the total time for this step is O(nlogn).

() (b) (©

Fig. 3: (a) Vertex v’ 1-belongs to v. (b) The set Bi(v) = {v1,...,vm} 1-belongs to v. (c)
The C-hull of B (v).
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Now, construct an -path, denoted ey, connecting vy and v. If m > 1,
draw a vertical edge e, with top endpoint at v, and bottom endpoint
on e;. Next a “local” Manhattan network is constructed by a call
to the subroutine RECTANGULATE with the C-hull of {vy,...,v,,} as
input. The set of edges constructed in this step is denoted Fy. It
should be noted that the "-paths from v; to v;41 are not included in
E1 (U)

(2) Sweep the points in S from left to right. For each point v € S let
Bs(v) be the set of points such that for every point v' € Ba(v) it holds
that v is the leftmost point above and not to the left of v’ (if several,
take bottommost). We say that v' 2-belongs to v. For each vertex v
let By(v) denote the set of vertices in S that 2-belong to v, as shown
in Fig. 4b. Perform the symmetrical procedure as performed in step 1
on the set By(v) for every v € S, to obtain the set of edges .

(3) Sweep the points in S from bottom to top. For each point v € S let
Bs(v) be the set of points such that for every point v' € Bs(v) it holds
that v is the bottommost point to the left and not below v’ (if several,
take leftmost). We say that v’ 3-belongs to v. For each vertex v let
Bs(v) denote the set of vertices in S that 3-belong to v, see Fig. 4c.
Perform the symmetrical procedure as performed in step 1 on the set
Bs(v) for every v € S, to obtain the set of edges Fj.

(4) Sweep the points in S from top to bottom. For each point v € S let
B4 (v) be the set of points such that for every point v' € By(v) it holds
that v is the topmost point to the left and not above v’ (if several, take
leftmost). We say that v’ 4-belongs to v. For each vertex v let By(v)
denote the set of vertices in S that 4-belong to v, as shown in Fig. 4d.
Perform the symmetrical procedure as performed in step 1 on the set
By(v) for every v € S, to obtain the set of edges Fj.

After building the appropriate “local” networks, we say that every vertex
v is directly connected to the vertices in By (v) U...U By(v). From these
four sweeps we get four edge sets, Fy,..., F4. The Manhattan network is
now defined as G = (V, F), where ' = Ey U...U Fy4, and V includes the
points in S and all the Steiner points that are generated when adding the
edges in F.

Ve eV \Y4
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Fig. 4: The set {v1,...,vm} (a) 1-belongs to v, (b) 2-belongs to v, (¢) 3-belongs to v,
and (d) 4-belongs to v.
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Constructing the sets in each step of the algorithm takes O(nlogn) time,
hence, the time-complexity of the algorithm is O(nlogn+R(n)), where R(n)
is the time-complexity of the subroutine RECTANGULATE. This is straight-
forward since for every point v € S there is at most one point v’ in .S, for
each step of the algorithm, such that v € B;(v).

Also note that there is some asymmetry in the above construction. This is
deliberate; the asymmetric cases are required in the proof of the correctness
of the algorithm (see Lemma 2).

3.1 The algorithm outputs a Manhattan network

We will show that the algorithm presented above produces a Manhattan
network (no matter which subroutine RECTANGULATE is used by the algo-
rithm).

LEMMA 1. The set of edges in F;(v) is a rectilinear network that guarantees
Manhattan paths from v to every vertex in B;(v).

ProoOF. Since the four steps of the algorithm are similar we may w.l.o.g.
prove the lemma for only one of the directions, say ¢ = 1.

Let v be an arbitrary vertex of S and let vy,...,v, be the vertices in
By (v). By step 1 of the algorithm, we note that v; lies below and to the left
of v;11, 1 < j < m. Recall that v; and v are connected by an -path, ey,
and that v,, is connected to this edge by a vertical segment corresponding
to edge eg, see Fig. 3b. Let €| be the horizontal part of e; between v; and
ez. Our aim is to show that there is a Manhattan path between v; and v,
1 < j < m. This already holds for vy and v,,.

The lemma is easily proved by observing that every vertex v; € Bj(v),
must lie on the perimeter of a distinct rectangle (hence one should be able
to proceed either down or to the right from v;), and there always exists
a monotonic rectilinear path from v; to v that follows the borders of the
rectangles encountered along the way. The set of edges constructed in the
rectangulation of the C-hull plus the two edges e; and ez is the set Fy(v).
The lemma follows. O

It remains to prove that the graph G = (V| F) is a Manhattan network
for the points in S and that |E| < 4rx|E,,|, where r is the approximation
factor of the rectangulation algorithm.

To show that the algorithm outputs a Manhattan network, it suffices to
prove the following lemma:

LEMMA 2. For each pair of points s,t € S there is a Manhattan path in G
connecting s and t.

Proor. Without loss of generality, either ¢ lies to the right and above s, or
t lies to the right and below s (if not, switch s and ¢). We first assume that
t lies to the right and above s. Without loss of generality, we may assume
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that no two points have the same 2z- or y-coordinate, since the algorithm
always connects two such points by a line segment.

Consider [s, t], the rectilinear rectangle with corners at s and ¢. If s € By(t)

or t € By(s), then s is directly connected to ¢t and we are done. Otherwise,
we know from the algorithm that s is directly connected to a point sy € S
above and to the right of s and to the left of ¢ (Case 2 of construction), and
that ¢ is directly connected to a point t; € S below and to the left of ¢t and
above s (Case 4 of construction). We consider the following two cases:
Case 1 [sy or ty lies within [s,t]]: Without loss of generality, assume that s;
lies within [s,t], as shown in Fig. 5a. In this case, let s; be the new s and
continue recursively.
Case 2 [s1 and ty lie outside [s,¢]]: Then we know that sy lies above and
to the left of ¢ and that ¢; lies above and to the left of s, see Fig. 5b.
The Manhattan path connecting s and s; must intersect the Manhattan
path connecting ¢ and ¢; within [s,¢]. Hence there is a Manhattan path
connecting s and t.

The case when ¢ lies to the right and below s uses Cases 1 and 3 of
the construction, and is otherwise similar to the proof above. Hence the
lemma. O

(a) (b)

Fig. 5: There exists a Manhattan path between s and ¢.

3.2 Bounding the length of the network

For the length analysis, once again, it is sufficient to consider only one
sweep, i.e., step 1 of the algorithm. The approximation factor for this
sweep is then multiplied by four to obtain the approximation factor of the
algorithm. Let v be an arbitrary vertex of S. Let By(v) = {v1,...,vn}
and, let V. = By(v) U {v}. We define a charging area of v (with respect
to this sweep) as the region U” [v,v;], as shown by the shaded region in
Fig. 6a. The charging area is denoted by Cy(v). Note that the interior of
the charging area for any vertex must be empty of input points. We start
with the following observation:
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(@ (b)

Fig. 6: (a) The charging area. (b) Partitioning the charging area into three regions.

LEMMA 3. For every pair of vertices v;,v; € S, the charging areas Cy(v;)
and Ci(v;) are disjoint, except possibly for the point v; or v;.

PrROOF. Since no vertex can 1-belong to more than one vertex, the staircase
parts of the two charging areas cannot share any vertices. Thus either v;
is on the staircase part of C';j(v;) or vice versa. But then, the rest of the
charging areas cannot overlap because of its shape and orientation. O

It is important to point out that the charging areas may share a point,
but cannot share an edge of the boundary. Also note that all edges of
Fy(v) that were added in step 1 must lie entirely within Cy(v). Hence, the
edges produced in step 1 connecting vertices in S cannot be used to connect
vertices in any other charging areas. We will prove that |Fy(v)| is at most
equal to the length of the edges in F,,¢ lying within the charging area of
v. Since the charging areas are disjoint this implies that the total length of
the edges produced in step 1 of the algorithm, |Ei| = > o |F1(v)], is at
most | Eqp|.

First, partition the charging area C'(v) into three regions, where Ry =
[v,v1], Ry = [v,v,]\R1 and Rj is the remaining region of the charging area.
The three regions are shown in Fig. 6b. Before we continue, recall that £y (v)
consists of a T-path, ey, connecting v; and v, a vertical edge e; connecting
vy, with e, and a rectangulation of the C-hull of By(v) (which is meant to
connect v;, 2 < i < m, with ey or e3).

Consider a minimum Manhattan network connecting the vertices in .S.
What do we know about F,,; of such a network?

(1) F,,+ must include a Manhattan path between vy and v within Rj.

Note that this path has the same length as e;.

(2) F,p+ must include a Manhattan path between v, and v within [v, v,,].
Within Ry this path has at least the same length as es.

(3) If m > 2 then there must be a network N,,; connecting vg, ..., vy_1
with e; or es within R3. Hence, it remains to prove that a minimum
weight network connecting v, ..., v,,_1 to the right or bottom side of

R3 has weight equal to a minimum weight rectangulation of Rs.
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LEMMA 4. A minimum-weight network connecting v;, 2 < 1 < m, with e or
eo has length at least equal to the length of a minimum-weight rectangulation

of the C'-hull.

Lemma 4 is a direct consequence of the following two lemmas. Consider
a grid induced by the vertices of S. Let N,,; be an optimal network within
R3 connecting vq, ..., v;,_1 to the right or bottom side of R3. Let N,.. be
a minimum-weight network, connecting vs, ..., v,,—1 to the right or bottom
side of R3, whose segments lie (only) on the grid induced by the vertices in S.

LEMMA 5. |Npeet|=|Nope|-

Proor. Let P be a Manhattan path between vertices v; and v. Assume
that the path is moving right on the grid and that it changes direction
downwards without reaching an intersection of the grid. Denote by t the
last intersection of the grid that the path passed. First, it is obvious that
any monotone path from v; to v lying on the grid is of equal weight. Hence,
the only reason to change direction “outside” the grid is that other paths
may use this segment. Since all paths that may use this segment start at
vertices to the left of ¢, they must start from vertices v;, where j < ¢, which
cannot intersect till the next horizontal grid line below it. Thus the path
can be “straightened” within that grid cell to follow the grid lines without
decreasing its length. Going step by step, all paths can be modified to follow
grid lines. Hence, the observation follows. O

LEMMA 6. There exists a minimum-weight rectangulation of the interior of

the C-hull of length |N,cet|.

ProoF. Every path between an interior point v; and v moves (seen from
v;) only in two directions, right and down. The only case when a path
would induce a non-rectangular network of the C-hull is when it turns right
or down without meeting another path. Assume we follow a path from v;
going down and then turning right, without meeting a horizontal segment.
In this case the path could have been shortened by not changing direction,
see Fig. 7b, or by starting going right from the beginning. This is easy to
see since the horizontal distance between a vertical segment and the turning
point of the path is equal to the horizontal distance to the vertical segment
and v;. Hence, we do not gain anything by going downwards if the path is not
meeting a horizontal segment. This means that there exists a rectangulation
of the interior of the C-hull of weight |N,.|. O

Putting these results together we obtain the following lemma.
LEMMA 7. 7 o |[F1(v)] <7 X [Fopl.

To obtain the approximation factor for the algorithm just multiply the ap-
proximation factor for each step by four, since there are four sweeps. We
summarize this paper by giving the main theorem.
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Fig. 7: Following the grid induced by the set of points does not increase the length of the
network.

THEOREM 1. Given a set of n points in the plane, and given an r-approzi-
mate, R(n)-time algorithm to compute a minimum-weight rectangulation of
a staircase polygon, there exists an O(nlogn + R(n))-time algorithm that
outputs a Manhattan network of length at most 4r times that of a minimum
Manhattan network.

4. The rectangulation subroutine

In the previous sections we showed that it is possible to compute a Manhat-
tan network in time O(nlogn 4+ R(n)) that outputs a Manhattan network
of length at most 4r times that of a minimum Manhattan network, given an
r-approximate, R(n)-time algorithm to compute a minimum-weight rectan-
gulation of a staircase polygon. For completeness we present two rectangu-
lation algorithms, one optimal algorithm and one approximation algorithm.

Subroutine A: An optimal rectangulation.

An optimal rectangulation of a staircase polygon can be computed by using
dynamic programming [see Lingas et al. 1982]. Assume that we are given a
staircase polygon P. We may assume w.l.o.g. that the base of P is at the
bottom and the long side of P is to the right, Fig. 8.

The key idea is that in every optimal rectangulation there exists one rec-
tangle whose lower right corner coincides with P’s lower right corner, and
whose upper left corner coincides with a step of the staircase of P. The
algorithm then computes the optimal rectangulation for each step, then for
each pair of steps, and so on, until the optimal solution for P has been
found. The following result was shown by Lingas et al. [1982].

Fact 1. A minimum weight rectangulation of a staircase polygon can be
computed in time O(n?) using O(n?) space.

We obtain the following corollary.

COROLLARY 1. Given a set of n points in the plane there exists an O(n?)-
time algorithm that outputs a Manhattan network of length at most 4 times
that of a minimum Manhattan network.
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Fig. 8: (a) A thickest rectangle R within the polygon. (b) A thickest-first rectangulation
is within a factor two of the optimal.

Subroutine B: A thickest-first rectangulation.

A thickest-first rectangulation algorithm is a greedy like algorithm that
recursively “cuts” off a largest possible rectangle from the staircase polygon.
Levcopoulos and Ostlin [1996] showed that a thickest-first partition of a his-
togram can be computed in linear time with an approximation factor of 2.42.
We will below show, that it is possible to improve the approximation factor
for staircase polygons. We need the following definition.

DEFINITION 2. We say that a rectangle R is thicker than a rectangle R' if
and only if the shortest side of R is longer than the shortest side of R'. A
rectangle within a rectilinear polygon P is called maximal if it is not properly
included in any other rectangle lying within P. Finally, a rectangle is said
to be thickest within P if there is no thicker rectangle lying within P.

THEOREM 2. A thickest-first rectangulation of a staircase polygon can be
computed in linear time such that the weight of the added edges in the rec-
tangulation is at most twice the weight of a minimum weight rectangulation.

Proor. Let P be a staircase polygon. We assume for simplicity that
the base, b, of P is horizontal and at the bottom, and the longest vertical
edge of P, denoted h, is the right side of P, Fig. 8a. Let R be a thickest
rectangle within P and let /g be the set of segments of R’s perimeter which
are disjoint from the boundary of P. The proof is by induction. If P is
a rectangle then [g is empty and we are finished. Otherwise [p contains
one or two segments. Assume that the observation holds for the staircase
polygon of P above R’s top side and the staircase polygon of P to the left
of R’s left side, if they exist. To be able to use induction let S be the open
region defined by the interior of R plus the segment or segments in [g. Let
OPT be the segments in an optimal rectangulation of P. By the induction
hypothesis it holds that the total length of the segments produced by the
thickest-first rectangulation minus the segment or segments in [p is at most
of length 2-(|OPT| — |OPT(S)]), where OPT(S) is the set of segments in
OPT intersecting S. Hence, it is enough to prove that 2|(r| < |OPT(S)]|.

We will have two cases, either there are segments of OPT(S) within the
open region of R, or there are not.
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1. No segments intersect the open region of R. In this case there must be
segments of OPT(S) that are equal to the segments in [, otherwise O PT
would not be a rectangulation of P. Hence, the total length of the segments
in [p is equal to the length of OPT(S).

2. Otherwise, if there are segments of OPT(S) within the open region
of R, we know that there must be segments in OPT(S) of length at least
equal to the shortest side of R. It is easy to see that every segment in [,
is shorter than the shortest side of R, otherwise R would not have been a
thickest rectangle. It follows that the total length of the segments in [, is
less than two times the total length of the segments in OPT(S). O

We obtain the following corollary.

COROLLARY 2. Given a set of n points in the plane there exists an algorithm
that in O(nlogn)-time outputs a Manhattan network of length at most 8
times that of a minimum Manhattan network.

5. Open problems

The following problems remain open:

(1) Determine the complexity of the problem of computing minimum Man-
hattan networks.

(2) Design a 2-approximate algorithm for the problem of computing min-
imum Manhattan networks.

(3) Design a PTAS for the problem of computing minimum Manhattan
networks.
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