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Abstract

We consider the problem of decomposing polygons (with holes) into various types
of simpler polygons. We focus on the problem of partitioning a rectilinear poly-
gon, with holes, into rectangles, and show an Ω(n log n) lower bound on the time-
complexity. The result holds for any decomposition, optimal or approximative. The
bound matches the complexity of a number of algorithms in the literature, proving
their optimality and settling the complexity of approximate polygon decomposition
in these cases.

As a related result we show that any non-trivial approximation algorithm for the
minimum gap-problem requires Ω(n log n) time.

Key words: Lower bounds, Minimum gap, Polygon decomposition, Algebraic
decision trees, Computational Geometry

1 Introduction

A decomposition of a polygon P is a collection C of shapes that are in some
sense simpler than P , such that

P =
⋃

R∈C
R.

The covering problem is to find such C given P , the partition problem stipu-
lates that the union be disjoint. In the rectilinear case, which is the focus of
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this paper, P is an orthogonal polygon whose sides are rectilinear, and the R
are rectilinear rectangles. The input size, denoted n throughout the paper, is
the number of vertices of P . A measure of the quality of decomposition C is
its size #C; for the partition problem the total edge length of all R ∈ C (the
‘ink’ used) has been suggested as well.

Finding an optimal solution to a decomposition problem is, in many cases,
known to be difficult. For example even in the hole-free and orthogonal case,
the covering problem has no PTAS unless P = NP [4]. (As a notable excep-
tion, a minimum size partition for a hole-free polygon can be found in linear
time [12].)

Extensive work has been done on non-optimal decomposition algorithms. Some
of these results can be grouped as follows (we refer to a recent survey by Keil [9]
for a more complete coverage):

• The fastest algorithms, including approximation algorithms, for polygons
with holes run in time O(n log n), e.g., minimum ink partition [10], minimum
size cover [8].

• Hole-free orthogonal polygons can be decomposed in linear time, e.g., min-
imum size partition [12], rectangular cover of four times optimal size [6],
square cover [2], and many results on horizontally convex orthogonal poly-
gons.

We prove the separation suggested by these results:

Theorem 1 Every algorithm that computes a decomposition of a non-sim-
ple connected polygon with n vertices into L (orthogonal) rectangles requires
Ω(n log n + L) time.

We stress that the theorem makes no assumptions on the quality of the solu-
tion, e.g., the approximation ratio of the algorithm. However, for algorithms
that produce coverings of large cardinality (for example, algorithms with ap-
proximation ratios worse than O(log n)) the statement trivialises because the
output must be reported.

The model underlying Theorem 1 is the algebraic computation tree [13], which
is the standard model for low-level lower bounds in computational geometry.
Interestingly, since the theorem is stated for any algorithm, exact or approxi-
mative, there seems to be no standard reduction that establishes the theorem.
We believe that the present paper provides a canonical problem (computa-
tional prototype) that may be useful for lower bounds for other approximation
algorithms.

By a reduction from sorting, Liou et. al. [11] show an Ω(n log n) lower bound
for the optimal partition problem assuming that the polygon has holes. The
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best upper bound for this problem is O(n3/2 log n) [14]. Aggarwal et. al. [1]
present an Ω(n log n) lower bound for the problem of determining the minimum
distance between any pair of vertices of a simple polygon. Their lower bound
proof does not apply, however, to the problem of approximating the minimum
distance.

The structure of the paper is as follows. In the next section we show how the
problem ImproveGap, i.e. improving a non-tight lower bound on the mini-
mum difference between two consecutive numbers in a set of n real numbers,
can be reduced to the original problem of covering a polygon. In Theorem 4
we show, by using the results of Ben-Or [3], that the time needed to solve Im-
proveGap is Ω(n log n). In Section 3 we make some comments on the input
representation of the polygon since the lower bound construction crucially re-
lies on a detail in the input representation. Finally, in Section 4 we generalise
the results to other variants of approximating the minimum gap of a set of
real numbers.

2 Reduction to a gap problem

Let R denote the real numbers. For x = {x1, . . . , xn}, xi ∈ R, let

MinGap(x) = min
i 6=j

|xi − xj|

be the minimum gap of x.

Problem 2 (ImproveGap) Given a vector of reals x ∈ Rn and a real num-
ber ε with 0 6 ε < MinGap(x), find a real number b such that ε < b 6
MinGap(x).

The next lemma shows the reduction from ImproveGap to the original cover
problem.

Lemma 3 If there is an algorithm of time complexity T (n) that decomposes a
given polygon with n vertices into L orthogonal rectangles then ImproveGap
can be solved in time O(T (n) + n + L).

PROOF. We assume without loss of generality that the values in a given
instance x of ImproveGap are positive. We construct a polygon P as follows.
Let xmin = mini xi and xmax = maxi xi. These values can be computed in linear
time. The outer perimeter of P is a rectilinear rectangle with lower left corner
at (xmin + ε, 0) and upper right corner at (xmax, 3). For each xi, except xmin

and xmax, we place a rectangular hole of height 1 and width ε with lower left
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Fig. 1. A polygon constructed from the instance S = {0, 1, 3, 3.5, 6, 9, 10.5}.
corner at (xi, 1), Fig. 1. This construction takes time O(n). The algorithm
for the decomposition problem returns a collection C of L rectangles. We can
assume that none of these has zero width. Let w > 0 be the width of the
narrowest rectangle in C, this can be found in time O(L). Then w + ε is a
lower bound on MinGap(x), and is greater than ε.

To prove Theorem 1 it remains to show that ImproveGap requires Ω(n log n)
time:

Theorem 4 In the algebraic computation tree model, every algorithm for Im-
proveGap needs time Ω(n log n).

PROOF. Let A be an algorithm for ImproveGap with running time T (n).
For the lower bound we introduce a decision version of the minimum gap
problem, whose definition depends on A. Let

N =
{

(x1, . . . , xn) | {x1, . . . , xn} = {1, . . . , n}
}

be the set of permutations of (1, . . . , n). Let BA= minx∈N A(x, 0). Since N is
finite and A(x, 0) > 0 we have BA > 0. Let

YA = { x ∈ Rn | A(x, 0) < BA }.

We define the decision problem DecideA as follows: Given x ∈ Rn, decide if
A(x, 0) < BA.

From the definition it is easy to see that DecideA has an algorithm with
running time T (n) + O(1). On input x ∈ Rn it runs A(x, 0) and returns ‘yes’
if and only if A(x, 0) < BA. Note that BA depends only on A and need not be
computed by the algorithm. Thus the running time is as stated.

It remains to prove that DecideA requires Ω(n log n) time. This is a standard
argument using the following result by Ben-Or:

Theorem 5 [3] Let W be a set in Cartesian space Rn and let T be an algebraic
decision tree of fixed order d > 2 that solves the membership problem in W . If
h is the depth of T and #W is the number of disjoint connected components
of W , then h = Ω(log #W − n).
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We consider the complementary problem of DecideA. Thus let NA denote
the ‘no’-instances of DecideA. We show that #NA = Ω(n!) by proving that
every point of N lies in a seperate component of NA. First note that for
x ∈ N we have A(x, 0) > minx∈N A(x, 0) = BA, so x is a ‘no’-instance and
therefore N ⊆ NA. Now consider two different instances x, x′ ∈ N . A standard
argument shows that any continuous curve from x to x′ passes through a point
y with MinGap(y) = 0. Thus A(y, 0) = 0 and therefore y /∈ NA. The theorem
follows.

One might be tempted to use a problem simpler than ImproveGap for the
reduction, for example MinGap or Uniqueness. However, a reduction from
MinGap is not appropriate, since we do not need an exact distance for ap-
proximation algorithms. MinGap might be a suitable problem if we would
consider an optimal algorithm, and not any approximation algorithm. The
Uniqueness-problem cannot be considered since we do not allow the gap be-
tween two holes to be 0, and if the distance between two holes were zero then
this “gap” would not be considered. Hence, neither the Uniqueness-problem
nor the MinGap-problem is suitable for the reduction.

3 Comments on input representation

Our results reinforce the literature’s dichotomy between polygons with holes
and without holes. However, we want to emphasize the fact that this is mainly
a question of how the instance is represented. Indeed, the literature’s linear-
time algorithms exploit a feature in the representation of the input, not in the
topology of the polygon.

First, it may be noted that our reduction relies crucially on a detail in the
input representation, namely that the holes in P are not ordered from left to
right. Were they ordered, the gap problem presented in our reduction could
be easily solved in linear time.

The presence of an ordering in hole-free polygons and its absence in the gen-
eral case is a well-accepted assumption in the literature; the common input
representation is a doubly-connected edge list of the edges constituting the
perimeter of the polygon, sorted by their ordering on the perimeter. Thus
there is a natural ordering of the edge list of a hole-free polygon. Indeed, the
known linear-time algorithms for decomposing hole-free polygons rely on the
input being presented as a sorted edge list, for example by using Chazelle’s
linear-time triangulation algorithm [5].

On the other hand, for polygons with holes there is no such ordering. Our
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Fig. 2. Reduction from PartitionFromPoints using S as in Fig. 1.

reduction exploits this lack of information to solve a gap problem.

To illustrate this further we consider the covering problem with a different
input representation.

Problem 6 (PartitionFromPoints) For a set of n points that are the
corners of a rectilinear, simple polygon P , compute a partition of P .

We remark that indeed such a polygon is uniquely described by its corners, so
the problem is well-defined (assuming that every edge is maximal in the sense
that no two edges can be replaced by a single edge). We show that even though
this polygon is hole-free, it does not admit a linear time decomposition, no
matter how bad. Contrast that with the result that the exact partition problem
for hole-free polygons can be solved in linear time [11], if they are represented
as an ordered list.

Proposition 7 Every algorithm for PartitionFromPoints runs in Ω(n log n)
time.

PROOF. (Sketch) Given an input x1, . . . , xn, ε to PartitionFromPoints,
let (as in the proof of Lemma 3) xmin = mini xi and xmax = maxi xi. Let
S = {1, . . . , n} \ {min, max}. The points of P are

{(xmin + ε, 0), (xmin + ε, 2), (xmax, 0), (xmax, 2)}∪
⋃

∀i∈S

{(xi, 2), (xi, 1), (xi + ε, 1), (xi + ε, 2)},

as shown in Fig. 2.

4 Approximating the minimum gap

In this section we show that approximating MinGap(S) requires Ω(n log n)
time.
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Denote by MinGap2(S) the second smallest gap of S. Obviously, MinGap(S)
is in the interval [0,MinGap2(S)]. The next problem is to find a smaller in-
terval containing MinGap(G).

Problem 8 (IntervalMinGap) Given a set S of real numbers and the value
MinGap2(S), find an interval I such that MinGap(S) ∈ I ⊂ [0,MinGap2(S)].

The argument from the previous section can be applied to prove the following
result.

Proposition 9 In the algebraic computation tree model, every algorithm for
the IntervalMinGap requires time Ω(n log n).

The above result is very strong and implies the lower bound of the well-studied
MinGap problem in almost every approximative sense. As an example of a
natural approximation formulation of MinGap we propose the following.

Problem 10 ((c1, c2)-ApproximateMinGap) Given a set S of real num-
bers find a value δ such that

δ/c1 6 MinGap(S) 6 δc2

Proposition 11 In the algebraic computation tree model, every algorithm for
(c1, c2)-ApproximateMinGap requires time Ω(n log n), for every c1, c2 > 1.
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